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UNI-IT
MATRI CES AND DETERMI NAN

MATRI CES

[ Hi story offhehemaMat xi kas a | ong history of appl.

were known as arrays until the 1800Us.matddare tern
mot her) was coined by James Joseph Sylvester | n
rise to a number of determinants today <call ed| m
t hat are derived from tuhmn soraingli raclwsane Amy Ernggmha v
named Cullis was Ibha&cKetr shott @t iucre fmordematri ces i
demonstrated the first significant use of the| n
the el emenit hf o wnvit &inmt ottl luann . Matrices can be wusied
with multiple Iinear equations, referred to as a

Definition
Mat r(iwhose plurias asrenatamnguwlsar array of numbejrs
arranged in rows and columns, for which operati
The numbers are called the elementsetoerenpdfi &4
al phabets are used thmatdéneste amat rcidooerd nbhrpadcWwtelt jest

parenthekes ( ))
Exampl e:

a1
Az[; ]
Am1  *° Omn
| f there are m rows and n columns in a matri x, i
where m is the number of rows and n is the numbe
A=[12 3]
4 1 2
Ai s a matrix of order 213 ( matrix with two now
5 2
B=|6 1}
7 3
Bis a matrix of order 312 ( matrix with three

Types of matrices:

1. Row maMatirxi:x with a single row is called ajro
A=[a b c ]

Ais a row matrix (113) with one row and 3 col Umn
B =111 e e e Qqp)

Bis also a row matrix (1Tn) with 1 row and n ¢ol

2. Col umn matwrix: with a single column is callled

Ai's a column matrix (37T1) with 3 rows and 1 collu
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B= |
a1 .
Bi s column matrix(nll) with n rows and 1 colfum
3. Nul | matmaxri x is said to be a null matri x| o
notediidfy Ot has m rows and n col umns. Exampl e:
0 =[0 0 0
4 . Sqguare imatrhe«: number of rows and columns of
sqguare matri x. . Exampl e:
a b c
Azdef]
g h i
A is a square matrix(3x3) of order 3 where numbe
5Diagonal amaguiaxe: matri xdioafg owmhailc heltehmeentsomr e| a
di agonal matri Xx. Exampl e:
a;; 0. 0
Oazz ...... 0
A=
0 0.... Ann
A is a diagonal matrix of order n Exampl e:
2 0 0
0 8 0
0 0 5lis a diagonal matrix of order 3
6 . Scal ar infattrhiex:di agonal el ements of a diagonal
matri x. Exampl e:
a0 o0
030]
00 ali s a scalar matrix of order 3
7. l dentity fmathrei di agonal el ements of a diagoghna
uni t matri x.
Exampl e:
100
3=[01 0
Il 00 1li s a unit matrix of order 3
A unit matrix is also called identartyl matrix. [A
8Transpose :o0fTraanmsgtorsiex of a matrix is obtained
and columns into TORVSExMmmpie: denoted by A
ad
ab c A'=be]
A= , then A
| f def Tor cf
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(Ai s (2x3) métsi «3wBermasri x)

b a c
def} A'=lb e hn

Al gebra of matrices

Jadg‘
g h il thean f iJlboth are (3x3) matriceds)

a) Equality dwomatdAdr®ae® said to be equal i f Jan
i .The orddereg@diaB to that of
i iEEach el gimengquwal to the corresponding el ement
Exampl e:
[x yl[1 2]=x= 1 and y= 2
Bul[;]i[lz]
X
As the[YJirsdeQrTlofwhe[ilé]ia;s l1d2der of
b) Addi ti on oTfhemastum coefs:t wo matrices A and B | s
el ements is equal to the sum of the corresponidi
. Thus the addition of matrices is derfitntealy idr @ ha
di fferent orders. Exampl e:
1 2 0 2 3 1
A=13 1 5| B=1|0 -2 2‘
| f 0o -2 1 1 2 -1

A+Bi s defined as the order of A and B ar e

1+2 2+3 0+1 3 5 1
A+B=1| 340 1-2 5+2 =[3 -1 7]
0+1 —-2+2 1-1 1 0 0

Which is also of order (31 3)
2 3 4 12 1 3 14 3 1
A_[123]’ B_[ZZI anCd_[23 4
_[24+2+4 34143 443+1 _[8 7 8
'rh§ﬁ3+c"1+2+2 24+2+3 34+1+4 5 7 J

| f

same| (

Three matrices of order( 213) are added and the

_ 131
| f 4=[ 2]'3_[42

Then A+B is not defined as the order of A

Properti es:

1. The additi ooommumatrvees i s

If A and B are two matrices of same order,
Led=(i4 &8 be two matrices of same order
T h eait B = (aij +byj) = (bij +ay) =B+ 4

Exampl e:

and | B

t hen
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12 21
IfA_[34’ B_[zz
Then
1+2 2+417_3 3
A+B_3+2 4+2_[5 6
_12+1 1+427_73 3
B+A‘[2+3 2+4‘[5 6

Hend+B=B+A

2. The matri assddi bt onmei s

lf A,B and C are thretBa®r=@tB+6§f same order,
Proof:

Letd=(aj)B=(bj)andC=(ci)he t hree matrices of same ord
Then,
A+(B+C) = (aU+(bU+cU)) = ((a”+bu)+cu)=(A+B)+C

Exampl e:

1 3 3 2 2 1
A=|2 2[,B=]1 1 C=[3 3‘ 1)
3 1 2 3 12l g
1+(B+2) 3+(2+2)
A+(B+0O)=|2+1+3) 2+ +
3+(2+1) 1+3+

1+3)+2) 3+2)+1)
Z2+1)+3) 2+1)+3)
B+2)+1) (1+3)+2)

=(A+B)+C

3. Zero matri de (D) tfysrmbachdkedixt i on
A+0 = A

Proof:

L e4= (@) T h e/t 0 =(a; +0) =(a;) =4

Exampl e:

o< Ho-p g

nvo [} e 5 5)-1 -4
4., Additivefi avenmse i X

The matrix in which each el ement is the negat

called the negativeA)aof ThdAnmdasirs addredt e/dwéb y wer
matri x A.

i . el f=(ay)Then-A=(—ay)
andt(A)=GTEaP=0)=0

S

er
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Exampl e:

p A=le Zfmen —a=[2 )
ané+(_A):[g g
i . ed+(-A)=0

AgaiAt+Bi=fO0. Thiesn t he addiBanRies itnhvee rasded iotfi ve I nver se

c) Subtraction
The subtraction of two matrices A and B of t he S

AB =A+( B)

Exampl e:

1 2 -1 2 1 -3
A=|2 1 o|,B=|0 5 -1

| f 4 -3 =2 3 4 =2

Thena B =A+(CB) 0
2 —1 1 -2 -1 3 -1 1 2
1 0 2 [0 -5 1] 2 -4 1
3 —9 =14 +1-3 —4 2l =11 =7 o0

d) Product of a matrix and a scal ar
The product of a scalar m and a matri x A denot
corresponding elements of A . Thus i f
| f A=(a},Then mA=(ma)j

Exampl e:

_[a b _[ma mb
A—[C dl then mA = me md
Exampl e:

[fA:[g _12]then,2A= 2xz zx1 =[2 _24]

2x3 2x-=2
e) Matrix multiplication
Mul tiplication of two matrices is defined 1if 8 N C

same as the number o#i snap9g( aonfa tBir B araifgixtn ) mantart ir 4 x ,
matri x ARiro dtulce (mxn) matri x whose entries are |gi
Aand the correds$ipanlkkeng! eménms ohfh t hedBi $ ht he ws amo
of the products formed by mudbtyi plhyei cgreacipoalide me
t he jthB.coil.uann of

| 4=@Glis a ( mx@BF (matrix and
blis a (pxn) matri x

_yk=
TheA =@ jis a (mxn) imyac%?ﬂffibw, wher e c

Exampl e:

[au a2 Q43

bl] b12 b13
az1 dzz ‘123]2x3

cmdB=’bz1 by b3
IbBl b32 b333x3
The prd6idscdefi ned becaoseAnsmbembef oDl uomws of| B
t he oABRiesr (o2fl 3)
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We have,
b b b
AR = [all a; (113] 1 blz b13 _ [Cn C12 513]
Qz1 Gz Qg3 b21 b22 b23 €21 C22 C323
s 31 D32 D33
Appl yiTer=g%kB, we get,

a;1byy +agabyy +ag3bgiag by +ag2bys + ag3bzaagbyz +as3byz +ai3bas

azibyq +azybyy + azsbsy az by +azbay + azsbszaz bz +azbas +azsbas

-1
2
3 l3x1

t hdBipsr oddeufcitned and
1 2 3]
-2 1-1

(Ix-1)+(2x2)+(3x3)
( 2x -1+ (1x2)+(-1x3)

7,

Exampl e:

A:[f 2 3
| f

Then

2 1 —1lps and B =

gi ven as

AB—

=[1+4+9
24+2-3

Properties:

1. The mul ti pl iNeoat iad nwaoyfs
t h dbh= BA

medaEntmuid east iivie A and

cadd AandBar e matrices of
def i nieRAisggfined but AB is not defined.

Exampl e:

di fferdns

3
A= [1 23 and B = |1|,then AB is defined, but BA is not defined,
|t 213 2
Ther el8 & B
ca®é¢é fAandBar e square matrices oOABamsdd@freer e rhdaetrh
B u4dB # BA, in gener al
Examjaie1 ) - _
1fA=__1 2] and B=[1 2] Then
1 2112 -11_14 3
AB ol A | PR Rl
_[2 -1t 21 _13 3
BA =17 25 8 =15
0 AB # BA
But in some cases matri x ABuBAt i pl i cation 1is

Exampl e

B

ar ¢

detl &BAissd smdth tf t h

d enhfeinn

c

O mmdvu
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IfA= (3) g (scalar matrix) and B = B ﬂ.Then we have
=[5 sl 1=l 3l
pa=[ Al 5l =6

He n 4Be= BA
Ex a m% 1fe14 = [; i] and B = [é g] (unit matrix).Then
o 0=

s 4l =[5

Hence AB = BA

2. The mul ti pl i caastsioocni aotfi vneat ri x i S

| ,B,Care three matrices such that the products
T h e(AB)C = A(BC)

Exampl e: 1 5SLet
1 2 3 0o 2 -1

Az[ ],B=\O —3‘and€= ]
ot 1 -3 4 2Then

w=[T0%2 2ws0s1l=le 21l

(AB)C:Z 221“_03 —21]_ 0-6 14+8 —7+4

“lo—-63 12+84 —6+42] [—63 926 36]

5 0 0—-15 2420 —-1+4+10 -15 22 9
= —3][ 2 0+9 0-12 0-6 [=|9 -12 -6
11 0—-3 4+4 =242 -3 8 0

15 22 9
A(Bc)z[l 2 3][ _12 ]_ ~15+18—-9 22-24+24 9-12+40

4 0 1 _06 “l-60+0-3 88+0+8 36+0+0

- [—63 96 36]
Ther e4ByCr=eA(BC)

3. Ildentity matrix of multiplication
The identity matrix of multiplication for the
of the same-larder. Exampl e
_[a b et
IfA_[c dand]_[o 1]then we have,

= (¢ =2 -a
o 0 Y- [ 2)-a




Ther el erlles A
Exampl e

b a c 100
A= |d e f‘ and 1:|O 1 O],thenwehave
| f g hi 001
ab cyr1 0 0 ab c
Alzdef][()lo‘:[def = A
g hillo 01 g h i
1 0 0J[a b ¢ a b c
IA=1010 def]:[def] =A
00 1llg hi g hi
i . eAl = 1A= A
DETERMI NANT
To every sApuaroa dmeat mi,x we can associate a numb
the matrix Aor|Aur iltnt eenheasc adseest of a 2 I 2 matri x
_fa b _la b|_ -
- A—[C d],then,|A|—|C d|—ad be
Not es:
i .Only square matrices have determinants.
i iFor aAmdisi xead as Adred emanti,naasds mddul us of
Determinant is used in the solution of Ilinear
Consider the two equations,
aX Hy bi+t=xO
ax iy b=Ed
Solving this system of equations, we get
X = {Calb boct) [alf Tamobn) and Yy
= (1281 Coan) /ilp-@bn)
This solutiombexiicsts, provided a
The quamnah) det ewmenkbsr a solution of the | inear
a; by
by thelasymbowhich is called a determinant of o
a; by
= ajbs-azb
Thus laz b G
The determinant is also sometimes denoted by
Similarly, the system of equation
arX 1'y13'11)+1:d 0
X +P Hx +Hd 0

X +3p HT +3ek O

ENGG.
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admits a sbmsli alst 0enciadics+ foam i abc)) | 0O The above
expression can be denoted by
a; by Cq
a; by ¢
as b; ¢
a; by ¢ | which is called a determinant of o]
32 b2 C2=
i . e laz bz 3l abycsT abscs + 8iCo T abiCst obac: T ash.Cy
Mi nor and cofactor
Mi niorMi nor ofijodn tehlee Meertter mi nant of matri x A i 9
ith row and j th ci.umn, and it is denoted by
di1 dg2  A33
dzq Az azﬂ
I n a deltzerami d3;ant
dzp Az
. = =M
Mi nor' (2 6!3;3| 1
=321 a23|=
Mi nor “od#: &8ssl ".,and so on.
Cof aclther .cof actorij ef dahilk)Mdmeesrt¢ §éMt he imi nor of
I't i s denoted by C
i .eCr cofaigtd@)yMpf a

Ci= -1()+M1 1=

ENGG. MATHE MA

1M

Ciz {1 )+M12=-M12
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Ci={1)M:= M and so on.

Expansion of determinants
Exampl e:
(a)For determinants order 2
a1 a12|
= aq18z- aza
|321 ass 11422 21912

(b)For higher order determinants:

A determinant is evaluated by expanding the det ¢

as the sum of products of the el ements of the

of the same row (col unenx)p.anTdhiunsg Tah edreet earrnei mnsa mxt wmafy

to each off,Rednfde arnodwst h(rle €2and @)l uaoamds gach way gi
val ue.

a1bs1 ¢ b, c a; ¢ a, b
B=[aghycy|=ar (1)1 |2 2 4by (-2 [ (-3 f2 2
asbscs b c3 a3 €3 ag bz

= 1(ades-bsCy) T by( A83-Cods) (Cds- bodw)
= #11 biCi12 cCri 3

(wheijes €@he cofactor of the el ement correspond
expansion has been madrowsi Bgammpmleeel ements of

L21 ; g 23 -1 3] |-1 2
Len +4 ° 1 2= 12L3|4 2LL4 —1|
= 2(8f3p) &#p(1

= 284HW) ) 4(
=14 282286 =28

Properties of determinant

Propertiyhel value of the determinant is not al
columns into rows.
i e |A]l = |Al,wh e4 & transpose of matrix A.

Exampl e:

P PR AN

2 3|40 19=_
|%2-1012
|3 c| =10-12=
Propedtyt#®&o adjacent rows or columns of a det g
determinant changes without changing its numer
dq bl do b2
az by a1 bil( ¢ h a nsgainndgr 21w )
a; bq|_ |b1 @y
or az bzl [bz al( ¢ hahgrndigdIlumn)

vV e
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Properfyt®%o rows or two columns of a determinant
is zero.

Properltfy edaich el ements of any row or any <col umn

determinant is multiplied by that factor
Properltfy el ements of a row or a column in a delte
more el ement s, then the given determinant can | be
the same order. Exampl e:

|a1 +0oq b1| _ ‘31 b1| " |0C1 b1|

a,+o; by - a, by x5 bo
Not es:

| .allfl the el ements of a row (or column) are zejro

l'1.1f value of deter mi nantUtlhaednUibxe cao mleasc tzemr oo fb yU &
11 .1f all the el ements of a determinant abovel o
determinant i s equal to the product of diagonlal

Adjoint of a Matrix

I f A is a square matrix, then the transpose off t
corresponding elements on A is called the adjaqgin
Q11 Q12 Qg3
A=|01 QA aza]
| f a31 dzz a3z
€11 €12 C13
cof A= |[C21 C22 Czs‘
€31 C32 €331 wheb%ies the cofactor co%iresponding |[to

Thed@id=(co#H™ (Transpose of the cofactor matri x)
€11 C21 €31
=\C12 €22 532]
€13 C23 (33
Exampl e 1:
o2
Le"?_[B 1
Her e Cii=1 Gi2=113, Cai=112 , Caa= 1
1 -3
Cof A [—2 1] =

AdjA= (Cof 4) = [_12 _13]T=[_13 _12]
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Theotlem
If Ais a square matrix then A.(AdjA) = |A|] = (Adj A). A

Pr oof ;
a a

_ 11 12

Let A= 21 Gy then [ ]

C C
AdA — [ 11 21]
R [P .

. au a12 1 2]]

A.(Adj A) = a21 . [C 12 (22

_ [a“c“ T @262 11021+ alZCZZ]
az1€11 + 22012 a21C21 +az;¢a

_[IAl 0] -
[o 1A] Ay ] = 1
Hence A.(AdjA) = |A|l
| Al §0thenA.(AdjA)i s zero matrix. Ais s$hid taskethesim

i  Muatrix A is singular if |A| = 0 and non — singular if |A| # 0.

Il nverse of a Matri x:

| flandBar e t wo square matricaBs=Bdf] the same order
The8sms called the mdltiplicative inverse of
BiswrittenasA1 or B= A1 | i s asi mpwl ar Ansetxriisxt,s tamedn t he
Also, A is called the inverse of B and is writtenasBlorA= B1 gi ven by

A- 1—m(Ad;A)

Exampl el

i
A=y
2 1
A=y =2-1=1%0
A i s -;.i ngaun ar mat e x ixst sHe nWee

know t hat

At =2( Adj A)

\AI(

Hece =1 Ciz= -1
C21= _1, C22=2

cora=y 5]

Adj A = (CofA)T=[1 _1]T=[_11 _1]

=gl =1 S

Cramer 6-.s Rul e:

ag
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Cramerr@wule is used in the solution of si mul
Consider the equations in two variables
aix bi-y d;l Ay bﬁy =
d,
Solving these two equations by using cross
X _ v _ 1
diby—dyb;  ayd;—axd;  ajb,—asby
x_y_l
i D¢ Dy D
Wher e,
a, b
ab—ab:‘l L£0
éz 271 a2 b2
_ _d1 by _ _lan a4
Dx_dlbz - dzbl = dz bz , Dy—aldz - a2d1 - a, dz
Dy Dy
Therefornbe, py =
Consider the equations in three variabl es
arx by cyz=di ay
x by csz =d, ax by
+C32=d3
Her e,
a, b
a; by o
D=laz bz c3
Now multiplying D by x, we have
aqx by o
aXx bz Cy
azXx b3 C3
X D @x+ by +
gz by o
b, ¢
Cc2 2 2
@x + by + 2 - bs sl (€ = Cir Cy+zC
asx + bay + = c3 b3 a3l (Uq 1+ Ly 3)
- d b o D, =
d, by ¢
d; bs 3
Or x D = Dx
O
ry_1 z_1
Similarly, w& €amédshow that
Wher e,
di by ¢ a; dy ¢ a; bidy
dZ bZ Co Dy= a, dZ C2| DZ_ a, bz dz
Dx = d3 b3 C3 as dg C3 , as b3 d3
— Dx — by — bz
There’?BrDe’,y_D’Z_D

t an

mu

e o

It ]
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Example 1
Consixtedy =5

3x + v _7
1 2 .
Her e |3 1[l)= 61-5=1 0
The system admits a solution
Dx=|§ f|=5—14=—7
_11 5 _ 5 4
Dy=|3 5| =7-15= -8
By Cramero6s rul e,
_ Dy -7 _ 7 _Dy_—8_8
¥EDPTSET5 YT TS

Example 2
Consi dety =3
2x +2y =7

1 1
= 2-2=0
Her e 12 2|D=

The system does not possess a solution.

Exampl e 3 Consider,
x =2y+z=2

6bx—9y+z=1
—-Ox+12y+z=4

1 -2 1

6 -9 1

Her el-9 D12 1
-9 —
=1|12 i|+2|—69 1” |—69 12

= —21+430-9 =0
SimilDaF® pPy=0Dz=20

So, the system has infinite number of solutio
Solution of simultaneous | inebdeteqgeations by 7
consider two |inear ecuxatyi tmax wiytth two vari abl
:ZC

The above system of equations can be
A X

= B
b
Wher e[zz b;l\' Xz[;] and [E;] B =

Or, BX=A

written

na t

1S
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= L (AdjA) B

i Al#0Then the system admits solution.

Similarly, for three |Iinear equation with three

ap X+ apy + a3z =by

ds1X + dooV + do3Z = bz
d3z1X + dzay + d33Z = b3

The above system of equations can be written

a1 Az Qg3 x bq
A =Ja21 Qz, Az3], X = [y and B = bz‘
AX = B, By &3z O33 z bs
Then,
X=A1B
Or , |A|(Ade)B

| FAl#0Then the system admits solution

Example 1
Consider the following system of | inear equat.
3xdy = 1
2x + y = 8
The above system can be written as

AX =B
wnet &l 71 ¥ =l e n =]

X = A71B =1 (AdjA) B

Or Al
He A= |2 | =3-(-8)= 11#0
So, the system of equations admits solution.

Her e (11=1 Cpp= -2
C21:4‘, C22:3

Cof 4= [1 —2]

4 3
1 4
Adj A= (CofAyT=[—2 3
So that, we have
Al ; (AdA)B = 2 3] [8]
1+32 3 _ [33/11]=[3
—2+24) T1l22] T (2271172
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Henoes3and= 2

Example 2
Let us consider the system of equations,
x1ytz =2
2x + y-3z =5
3x-2y-z = 4

The system of equations can be written in mat
X 2

X=[y] B = 5]

4

1 -1 1
AX = B,where A =2 1 =3
A

3 =2 1

or X=A"'B=_-(AdjA)B

Al
1 -1 1

Al=12 1 -3[=1(-1-6)—1(-24+9) +1(-4—-3)=-74+7-7=-7 %0
3 -2 -1

SoA'exist and the system admits solution.

Ci1 =7 Ci2 =—7, Ci3=—7
(21 =-3, Cyp = —4, C3=-1
C31 =2, C32 =5, C33=3
o cora3 T tnen
2 5 3 4
Adj A = (CofA =7 -7 =" -7 -3 2
J A4 = —3 -4 -1| =|-7 -4 5
2 Y= 5 3 -7 -1 3
So that, we have,
, =7 =3 2]1[2
X = 2(AdjA)B = (1/=7)|-7 —4 5[|5
-7 -1 3ll4
-14—-15+8 —21 —21/-7 3
=(1/-7 )\—14 —20+ 20] = (1/-7)[—14] = [—14/—7] = H
—14—5+12 —7 -7/-7 1
Heneég 3, y=2 z=1
Some Solved Probl ems
Ql1Find the minors and cofactors of all/l the el
1 2 1
Q) 2 3 2 1 3
-1 4 (ilL)4s 2
Sol
2 3

(i )Gi v|e]n 4
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Lenfifan(df:(_l)lHMijare the minor andaigoftahcetnor s of t
M11= 4C1F(1])+M1F4

Miz-1, CGiz{1)"M.1z1

Moz 3, Cor{l2)+M2%-3
M2z 2 2= {L)+M2ox 2

12 1
2 1 3
(i iQi vana 2

LeMt’fan(ﬁjZ(_l)lﬂMUare the minor and %t dfhaant,or s of t

1 31 _ 5 _ 4o0_ _

Mll_ 4 2 =2 12= 10, Cli_--(lerMli_—-lO
2 3| _ 4, 4_

Miz = 1 2 =4 3_1, Ciz{1)"M1=-1
2 1 _ 45 4 _

Miz=]] 4 =8 1_7, Cizs 1)'Ni5 7
2 1, L

Ma =]y o|=4-4=0 C2e{L3*Moz O

_ 11 1 _,_ 4

M22_|1 2|_2 1=1 C={13"M.= 1
1 2

M,; = =4-2=2,

23 |1 4| Co5{13"M25-2
2 1] _ _a

M31_|1 3|_6 1_5, Cse{13)'Msz 5
1 1 _ 45 5 _

M32_|2 3|_3 2=1 ; 3z {13z -1
1 2| _ 4

M=, j[=1-4= 3 (L3

L2x+1 3|:5

Q-2Sol v x 2

Solution:
’L2x+1 3|:5

Gi ve X 2

Or, 2 ( 2 %x3+x1):

Or , 4 X +x =

Or , XxX+2 = 5

Or , X =

A=
Q-3 Veri fy AB|h=aBtA" wher e
Sol

1 2 3 1 2 3
6 7 8‘,B=\342‘

b -3 4




1 2 3111 2 3
AB = |6 7 BHB 4 2
6 —3 4ll5 6 1
[1+ 6+ 15 2+8+18 3+4+3
=[6+21+40 12+28+48 18+ 14+8
| 6—-94+20 12—-12+24 18—-6+4
22 67 17
[AB]" =|28 88 24
10 40 16
1 6 6 1 3 5
AT=|2 7 -3] and B'=[2 4 6]
Againl3 8 4 3 2 1
1 3 5|1[1 6 6
B'A"=(2 4 6||l2 7 -3
3 2 1113 8 4
146+15 6+21+40 6—9+20 2267 17
2+84+18 12+28+48 12—12+ 24 =[2888 24
3+44+3 18+14+8 18—-6+4 40 16

He n cA8[,]=B"A4"

EXERCI SE

1. 02 Marks Questions
1 a b+c
1 b c+a
Lat e bl

c a+

I . Eval

a c
b a b
v e ¢

=0

I'1 .Sol

I nd the mi and
a—-b b—c c—a
b—c c—a a-—b»>b

vad eea—b b—c

IEi nor

|l V.Ev al

sinx CcoSs X

V. What i s the

cofactor

aocosxmlnsinyla |
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67 88 40

[22 28 10‘
1724 16

10

1 2 -3
4 5 0
P -1t h

(0]

ue of

2. 05 Mar ks Questions
1+x 1 1
1 1+x 1 [=0
Il . Sollvle 1 1+x
1+a 1 1 P
1 1+b 1 |=abc(1+2+5+2)
a b c
Il .Prove 1t hat 1+c¢

(a+D(a+2) a+2 1
(a+2)(a+3) a+3 1|=-2.

(a+Rgtd) a+4 1

Il 1 IPr ov d

L el ement




| V.Pr ovd

V. Pr ove

1 1 1
b+c c+a a+b
b? + ¢t ad® +a? a?®+b?
a a* a®
b b? b3
c tth a%

ENGG. MATHE MA

=(a—b)(b—c)(c—a)

=abc(a—b)(b—-c)(c—a)
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UNI-ITI
TRI GONOMETRY
I ntroducti on
The word Ytrigonometryd is derived from two Giee
triangle and metron means a measur e. Hence, trioc
of triangl es, measuremenenbvfrehatirossdebi chnglke
rel at es. Initially, this concept was developed t
days, these ideas were used by sea captains Tfor
engneers to construct the buildings, dams, et c| al
to many areas | i ke satellite navigations, sei $mc
in video games, constgrha cteinogni n&red i ag¢ hictaedtogm@,p
oceanography to measure height of the tides and
The following three different systems of units &
Measurement of an angl e:
There are three systems of measurement of an angc
(i) Sexagesi mal system
(ii)Centesi mal system
(i iiCi rcular system
(i Pexagesi mal system
( i Brightangle = 90 degrees(90°)
1° = 60 sexagesimal minutes or(60")
1 minute or 1’ = 60 sexagesimal S?C(_)nc_ls)
i
(i) or 60"
(iCeéntesi mal system
1 right angle = 100grades ( iofl00®
18 = 100 centesimal minutes
1right angle = 90° = 1008
(ii)
(i)
(i Cidpcul ar system
The unit of measurement of angles in this syslte
centre of a circle by an arc whose |l ength is eql
and is denoted by 1°.
circumference _
diameter !
ms a Greek |l etter, pronaddn=c2e08=14y "' pi & . Two rijgh
1 radian = % right angle.
. I
NOTH i:) Angl e subte}ﬁjee:d: by an arc | ength
(ii) The angle subtended 2amdiahshe centre of a ¢
Trigonometric Rati os
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Let XOX&OYante twearaieaa taex sc-aei.ds yr espectivel y.

intersect perpendicularly at the point UYO6, n
| n-axi s, OX and OX6 ar e nown asynositive and
X-axi s respectisagly., ®iYmialnal T
nown as posi taixvies aneds preecg aif I I
both the axeps adievi denttohd oy = ouedent] Homdmt
call edyYquadrX®¥ sidés. Sgaldlded niy = — X
(i) X60Y is "€a - a5
guadrant . . 3 Quadrant | 4% Quadrant
(iii) X®Y6 is 'da b
guadrant .
(iv) XO0Y6 is ‘'¢alled ©33°

guadrant .

a me

1. The ratio of the perpendicul ar a6o atnlde ihy p et aevn

NS i

W T

a sing.
sin@ = Perpendicular _ PM
. e. - hypotenuse ~ oP
2. The ratio of the base to the by momtdenusd,s i
cos@.
Base PM
cosf = ———=—
e . Hypotenuse oP
3. The ratio of the perpendicul aréé6tantdhet biase
tan@ .
. tgn 0 = Perpendicular _ PM
. . Base oM
4. The ratio of the hypotenuse to péerapnednditc ulsa rwr
a sosecl.
cosecf = hypotellmse =£
. e, Perpendicular PM

5.The ratio of the hypotenusefdt anlda $ ¢ secss we a
Hypotenuse oP
S0 = T =

Base _ﬁ.
6. The ratio of the base to perpd@hnddarcdliatr ,i 9 s
cotf .
Base oM
. Cgt_g - Perpendicular - W
Notes
i. Al the above six ratios -Raartel osgl.l eidi .t ri gono
1
cosecd =% Orsinfanasecfar e reciprocal ratios.
secd =5 Orgosfanstcbar e reciprocal ratios.
1
cotd =% Ortanfa natfar e reciprocal ratios.

iii. For @dweedméasere
. T s ™ T
smE:1,cosE:0,cot5=O,cosecE:1,

T T
tans 3 n%Zare not defined.

t It e

W IC i

me
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sinZ,cosZ, cot T, cosec =
2’ 2’ 2’

zare not defined as ratios of silde:

rati os, we use a more gener al form for them, ca
same reason we do not use the term trigonometi i C
sin0,cos0,tan0and seco.However we define

sin0= 0,cos0=1,tan0= 0 and secO0= 1.
Trigonometry Il dentity

(i) sin®6+cos?0 =1

(i i yec?®—tan?0=1

(i1 icosec?d — cot?0 =
Not eAll the above relationdg/iidemtitthese hiodantgigtoid
of th@. angke whatever may be the angle, the relze

E x a mpin®e + cos?x = 1, cosec’a — cot?a = 1,5ec’f—tan’f =1 et ¢ .

Some Solved Probl ems

sin@ 1+cos@
Q. Pr o v+eoso sin@
Praoof
sin@ 1+cos8
L H S1+csse sin8
__ 5inB.sinf+ (1+cosd)(1+cos@)
- (14cosB)sin@

= 2 cosecO

__ sin*@+ (1+cosf)?
(14+cos@)sind

. sin%0 + cos%6 =1

__ sin®0+ 1+cos?0+2cos0 [

(1+cos8)sind
_ 1+1+42cos6
" (1+cos8)sind

2
= —— = 2cosecd = RHS
sinf
1 1 _ 2
Q2 Pr oV ixsmx - 256X
Praoof
1 1

L H Si=sinx = 1+sinx
_ 1(1+sinx)+1(1-sinx)
T (1-sinx)(1+sinx)

_ 1+sinx+1-sinx [ (a—b)(a+ b) = g2 — bz]

1-sin?x
2
= cos’x [ 1—sin’x = cos?x
= 2cosec’x= RHS
cosec 0 — cotf)? = 1-cost
Q-3 Pr oQ/ 8 1+cos6

Praoof
L H S(eosec 8 — cotB)?
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_( 1 _cosf))z
~ \sin8  sind

_ (1-(:036)2

- sin8

_ (1-cos6)? [+sin?0=1-cos?6=(1-cos8)(1+cos0)|

(1—cos8)(1+cosh)
__ 1-—cos@
" 1+cos6= RHS
cosect cosec 2
Q-4 Pr oapse6-1  cosec+1 Zsec®d
Pr oof
cosec@ cosecl

L HS cosec6-1 = cosecO+1
__ cosecB(cosec8+1)+cosecl(cosecf—1)
- (cosec8—1)(cosecO+1)

__ cosec*@+cosec+cosec?f-cosec
cosec?6-1

_ 2cosec’d 2 sin®8 2
T cot20 = sin20 "cos26 2sec 9: RHS
(Hs%ng = secf + tan®
Q-5 Pr owend
Pr aofL I—I{IS = 4 d d

, 2 , ,
1+sinf 1+sinf 1 sin@
= ( ) = = = secO + tanf =

cosB cos6  cos@ = cos@ RHS

tanx cotx
Q-6 Pr owv®@tx 1-tanx

= secx.cosecx + 1

Praof
tanx cotx
L H Si=cotx 1—-tanx
__sinx 1 cosx 1
cosx 1-22 1 ginx q_Snx
sinx cosx
__ sinx 1 cosx 1
cosx Sinx—cosx sinx coSx—Sinx
sinx cosXx
sin’x cos’x

cosx(sinx—cosx) sinx(sinx—cosx)

 sin®x — cos3x,a® — b® = (a — b)(a? + ab + b?)
= (sinx — cosx)(sin’x + cos?x + sinx cosx)
= (sinx — cosx)(1 + sinx.cosx)

sin3x—cos3x

" sinx cosx (sinx—cosx)

__ (sinx—cosx)(1+sinx.cosx)

sinx cosx (sinx—cosx)

1
———+ 1 = secx cosecx + 1_ RHS

sinx cosx

secO—-tanf

———— =1 - 2secH.tand + 2tan?6
Q-7 Pr 0 sce+tand
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Praoof
secf—tan®
L H Se¢o+tand
__ secO—tan8 secO-tan8
" secO+tan® secO—tand

(sec@-tand)? 2 2
ZW [. sec“d — tan 9=1]

(secO—tanB)?

1

= (1 + tan?0) + tan’@ — 2sech. tand
=1—2secf.tanf + 2tan*6= RH S

Q-8 Pr ov &in iv e§°6 = (sin®6 — cos?6)(1 — 2sin”6.cos*6)
Praoof
L H Sar®0 — cos®o
= (sin*0)? — (cos*6)?
= (sin*@ — cos*8)(sin*6 + cos*8) [As a®> — b? = (a — b)(a + b)]
= {(sin?0)? — (cos?0)*H(sin?8)? + (cos?0)?}
= (sin0 — cos?0)(sin?6 + cos?0){(sin%6 + cos*0)? — 2sin*Ocos?6}
[ a? + b? = (a + b)? — 2ab and sin?6 + cos?8 = 1]
= (sin?6 — cos?6)(1 — 2sin*6cos?8) = RH S

Not:e sASRuG e

2nd Quadrant

¥

1st Quadrant

i . Syoadr antt i akl aifie. I n 2nd | e
is +ve arideall others S A
[ T I'n 3rd quadrantiyvetanyge, 2 al
quadrant , cosinéeve.s +ve and -
V. The siRmrt iof ianyanly quadr: T C cal
t he wo-sidteacnga bl or Yadd su 3rd Quadrant | athQuadran @ N
t his rul e i s-Rkhewn Wha a t EA ASTC - Rule
in a particulraat i ogualdonagntwli tthnhiist sl
reciprocal are positive and all ot her rati|
Trigonometric Ratio of Selected Angl es
The valruaetsi oosf fTor s o me,36 45/68,00aaerde agigv eens W e lkoew.
Anglies 0 30 45 60 90
sin@ 0 1 i V3 1
2 V2 >
cos@ 1 V3 i 1 0
) V2 2
tan @ 0 i 1 undef i
V3 V3
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cot 8 undefi 1 1 0
V3 V3
sec@ 1 i 2 undefi
V3 V2
cosec @ Undefi 2 i 1
V2 V3

Some Solved Probl ems

5c05260° + 4sec?30 — tan?45°
Q-1Find t he vsazbourens230f
Sal

Using the trigonometric values

1
1 2 5,1 15+64—12

° 2 2 2
5c05260° + 4sec?30” — tan?45° 5(5) +4(\/§) -1 A1 ——— 67
s 2an® 220° - 2 2 - 1,3 = 1 -
sin?30° + cos?30 G) +(€) i+ 3 12
cot45°
Q2Find t hei-atadSucel of
|
dc0t60 ==
As we knatdh=tldhmd, V3
__ 0
— nj n

Ther e ore, W jn

Limits of t-rhaet ivoasl:ues of T

1.-1<sing <1, alredosd < 1

ie. the minimum values of Uboth sine and cosji
and maxi mum values of bolflh sine and cosine
2 .cosecfansdcfeach cannot be numerically |l ess tha

i .—€ = cosecBo0 rosectd =1a n-dl =secfo secH =1
3.tanfancdtdé can have any tam@ mEBanat@ ER.val ue,

Some Solved Probl ems

Q1Find the maxi mum &midx+micoskk.mum value of
Sal

L eS5t=rcosUa n1® = rsinU .

By squaring and adding,

524122 = (rcos ) 2+ (rsin )? J U

= 25+ 144 =r?(cos %a + sinZq)

=>169=r 21=r?

=>r=13

Now, the gi \beinx+ BExopxrceansitoen ré@duced to
sinx + rsin  rcos cosx U

cosa + cosx= r(ginx sina
1q) (x+a)=13 =rsin sin(x
We know that the mini mudarden ch nmda xXli mem pwealtu evse | o/

—1<sinf <1 '
Thereforkssinx+a)<1
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Or-13 < 13sin(x + ) < 13

Hence, t he maxi mum 5Saimkd 12masxairneu nli 3v aal nude sb 103f.
Q2Find the maxZ+idsm+¥cask.ue of
Sal

L e3t=rcosa a ndd= rsina
Sor,=v3%2+4+42=5
N o vidsinx + 4cosx = rcosasinx + rsinacosx
= r(sinx cosa + cosx sina) = 5 sin(x + a)

We know that, tmk@fd=ahaxi mum value of

IMaxi mum sing+twe=1Io f

>Maxi mum ¥si(xde) =l =5

sMaxi mum ¥hisinEe+@®E=2+5=7

Val ues avoif os of allied angl es

1.Tratio8iaf ted ms oaf aldl values of

Let OX be the initial Il i ne. Let OP bd&inhe
the anticlockwise sense whPibceh twee tpaoksei ta so np
vector a®t eirn ttrlaecimlgodk wi se sense,zZP@hwiclhl we
be ta(lz@.n W& nLet it meet OX at M.

—-PM

He rA@EM = AP OM

. P'M
No wn(=0) =55 =
oM  OM
cos(—0) = oF = op =
PM —-PM
tan(—@) = W W
Similarly,

cot(—0) = % =

., POM = —-6,0P=0P, PM

sinf

o —cotf

oP'
= sech Exampl e
oM
oP _ op
P'M~ —-PM

sin(—60°) = —sin60 = —

sec(—0) =

= —cosec @
V3

2

cosec(—8) =

cos(—30°) = cos 30"
tan(—45") = —tan 45’

P

-1

.Trati@&—8ifn t e® ms oaf al | 6Lt hte ORM utkees @ fri ght
wi xRAROM 90A,
/OMPd zOPM =680A

sin(90°- 0) =22 = cos 6

tan (90°- 6) = 22
Similarly,

D O ¢
oosf

cot(90 — 8) = +tan @ _ -
sec(90 — 8) = + cosecd yi ' 9
cosec(90 — 8) = +secd p
AP
1€ G R
X'¢ Mg M X
vY'
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Her e, tihedadAgygne call ed compl ementary

angl esg
compl ement of each other.
Exampl e:
sin(90° —30°) = +cos 30" = 2
cos(90" ~ 60°) = +sin60” = 2
tan(90_ 45) = +cotd5_ 1
Trati @&+@in te® msf oaf all @8the values of
L e4POX =6anaP0X=90+6. Draw PM and P'M perpendicul
NowP OMAP' OM'
~P" M = OMiRMd OM' =
. o PM  P'M
NOV&m(QO +9)=5=F=C059
cyg)=OM _PM _
cos(90 +8)—OP,— T sin@
° _PmM _-om _
tan(90°+ 6) = o = P = coté
Similarly,
cot(90° + 8) = —tan @
sec(90° + 8) = — cosecd
cosec(90° + ) = +sech
Exampl es:
> o : o o o V§
sin 120° = sin(90° + 30°) = + cos 30 ==
cos 150° = cos(90° + 60°) = —sin60° = —?
tan 135° = tan(90° + 45°) = —cot45° = —1
sec 150° = sec(90° + 60°) = —cosec60° = —%
Similarly, -rtatd owalfweas fofl I Towi ng allied angljes
Trati@d8° oin te® msf oaf all 6t he values of

sin(180° — ) = +siné
cos(180° — 8) = —cos @
tan(180° — 8) = —tan @
cot(180° — 8) = —cot @
sec(180° — @) = —sec@
cosec(180° — @) = +cosecd He r e , t
angles and each of t
cos 150° = cos(180° — 30°) = —cos30° = —
sec120° = sec(180° — 60°) = —sec60®° = -2
cot135° = cot(180° — 45°) = —cot45° = —1

& n taoh-gd aer e call ed supf
e angle is called sup

D) | €
pl ¢
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5.Trati@8°+8i n t e® msf oaof al |l 8the values of
sin(180° + #) = —sin @
cos(180° + 0) = —cos @
tan(180° + 0) = +tan @
cot(180° + 8) = +cotB
sec(180° + 8) = —sec@
cosec(180° + 8) = — cosecqd

Exampl es:

cos(270° —0) = —sind
tan(270° — 8) = +cot @
cot(270° — 6) = +tan@
sec(270° — 6) = — cosec
sin210° = sin(180° 4+ 30°) = —sin30° = —%

o __ o oy — __ °—_i
cos 225° = cos(180° + 45°) = —cos45° = 5

tan 240° = tan(180° + 60°) = + tan 60° = /3

6.Trati @8 —oin te@ msf oaf all 8t he values of
0 sin(270° — 6) = —cos 6
cosec(270° — 8) = —secO
Exampl es:
5in210° = sin(270° — 60°) = — cos 60° = —=
c0s240° = cos(270° — 30°) = —sin30° = —
tan 225° = tan(270° — 45°) = + cot45° = +1
7.Trati @48 n ted ms oaf all @t he values of
sin(270° 4+ 8) = —cos @
cos(270° + 0) = +sind
tan(270° + 6) = —cot @
cot(270°+ 6) = —tan®
sec(270° + 8) = + cosecy
cosec(270° + 0) = —sec@
Exampl es:
sin315 = sin(270° + 45°) = — cos 45° = —
1

1
vz
300°=  (270° 30°) =sin30 =
cos Cos + >
cot330° = cot(270° + 60°) = —tan 60" = —/3
8.Trat i@ ofin tedmsf oaf all 8the values of
sin(360° — #) = —siné
cos(360° —0) = +cos @
tan(360° — 8) = —tan @
cot(360° — 0) = —cot @
sec(360° — 8) = +secH

cosec(360° —0) = —cosecd |\ o .o T(868° —@and t kFve of
are the same. Exampl es:
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sin330 = sin(360° — 30°) = —sin30° = —%
sec300° = sec(360° — 60°) = sec60° = 2
cosec315 = cosec(360° — 45°) = —cosecd5° = -2
9.Trati@a+fin ted ms oaf all 8t he values of
sin(360° + @) = +sin@
cos(360° +0) = +cosd
tan(360° + 6) = +tané
cot(360° + 0) = + cotd
sec(360° 4+ 0) = +secl
cosec(360° + 8) = + cosecq

Not e
1.Trat i(308° +t8fof2r+6)and t Woase H&me.
2.Trat i(@e36t+6) whedd3 ..also will be 6 he same

3.1 n g esh@rFd) = (—1)"sind
cos(hm + 8) = (—1)"cosd

tan(nm + 8) = tané
) T ni

4.Si mi r‘“%(Pierg) = (=1) = cosd
cos (nE + 6) = (—1)717+l sin@

x

tan("5+9):_mt9, where n is any odd in

Some Solved Probl ems

Q-1:St ads¥2'i s positive or negative.

Sal

cos(3x90432) =sin32 .sin321 i esguadrnant, and -byt i AGFCarel e,

positigueadrnadit302i sSop,0si ti ve sign.

Q2:Find t hein3]l ue of
Sal

sin1230= (sin3 x 360 4 150) = sin150
= sin(180— 30) = sin 30=1/2

Q-3 Exprsms¢l85as the trigonometric ratio of some ;
Sal
sin 1185 = sin(13 X 90+ 15)

= (=1) 2z cos15°=(—1)® cos15° = cos15°

Q-4 F:i nd t h @ogtgdT® o @gten37° + logtans53°® + logtan73®

Sal
log 17 logtan37 + logtan53 + logtan 73 tan + =logl=0 [
=  tanl7 tan37 tan log 53 73tan tanl7 17
v tan co
= 17 tan37 tan ) tan(90 — 17logtan (90— 37) _ 1 and tan37 cot37 = 1]
17 tan37 cot  cot logtan37 17
c0s(90°+0) sec(—6)tan(180°-0) -1
Q-5 Sh ow stc(Bp@-p)sin(180°+0)cot(90°~0)
Praoof
c0s(90°+0) sec(—0) tan(180°—0) _ —sinb . secd (—tand)

L H Ssec(360°—6) sin(180°+6) cot(90°—8) ~  secf (—sind) tané -1

A C L
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Even Functi on

A funfé@iioonsaid to bexahlfFEH. functi on

Exampl es:
1.L eft(x) =cosx  tfl—&h= cos(—x) = cosx

o f(x) = f(—x) = cosx,

Hend@&),=cosxij s an even function.
2_Left(x)=sinxtanx,

t h é(mx) = sin(—x) tan(—x) = (—sinx)(—tanx) = sinx tan x

M f(x) = f(—x) =sinxtanx

He n @), =sinxtanxi s an even function.
3_Left(x)=1+x4+c0t2x,

t h&(mx) =14 (—x)*+ {cot(—x)}* = 1+ x* + (— cot x)?

=14 x*+ cot?x

S f) =f(—x) =1+ x*+ cot?x

Hend@=1+x*+cot?xi s an even function.
4. L ef(x)=cos2x

T h effi—x) = cos2(—x) = cos2x = f(x) [As cos(—() = cosd]

Sof(x)=cos2xj s an even function

Odd Function
A funfé®iioonsaid to bex aMfdad/GHuncti on
Exampl e:

1.L eft(x) =sinx  tf&h=sin(—x) = —sinx = —f(x)
Sof(x)=sinxi s an odd function.

2 . Lefttx) =tanx  tfhah=tan(—x) = —tanx = —f(x)
Sof(x)=tanxj s an odd function.

3. L eft(x) = x%+cosec x.
T h eff=—) = (—x)3 + cosec (- x) = (—x?) + (—cosec x)

= —(x3 + cosec x) = —f(x)

Hen @) =x>+cosecxi s an odd function.

4 .Bu tet f(x) =sin3x+5
T h efti—x) =sin(—3x) +5=—sin3x +5
HerféX)expr essed®hmeoirtHaesr as

Hen @) =sin3x+5{ s neither an odd function

Theoslem( Addi ti on
(i) sin(A + B) = sinA cosB + cosA sinB

cos(A + B) = cosA cosB — sinA sinB (ii)

tanA + tanB
(i) tan(A+ B) = P T——

. cotA cotB -1
(IV) COt(A t B) ~ cotB + cotA

Theo+2em
(i) sin(4 - B) = sinA cosB — cosA sinB
(ii) cos(A—B) = cosAcosB + sinA sinB

tanA-tanB
('") tan(A o B) 1 + tanA tanB

of

of

nor an €

Theor ems
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The above theorems can [Be imr athed,r ey r

Theo#3em

tanA + tanB + tanC - tanA tanB tanC
tan(A+B+C) =

1- tanA tanB - tanB tanC- tanC tanA , A.B€€R

Theo+#em

( i pin(A+ B)sin(A— B) = sin*A — sin’B = cos’B — cos*A
(i i€os(A+ B)cos(A— B) = cos*A — sin’B = cos*B — sin*A
Some Solved Problems Q. 1:
Find theslal ue of

Sal
cos15= cos(45 — 30 ) = cos45 ¢ps30 + sin4d5 sin30

-G @O -
1

Q-2 Fi nd t h eos50°adsd’e- siaS0° sin40°.
Sal
cos50 cos40 — sin50 sin40 = cos(50 + 40) = cos90=0 [ U s0s(A + B)]

: ~1 =1
o ftanA=, g8 =3 f{ind tawd+®al ue of
Sal

11
tanA+tanB _  Zt3  5/6

tan(A + B) - 1—tanAtanB 1_(%)(%) - 5/6 =1

We know t hat,

c0s9° + sin9° _ tans4
Q-4 Pr oV eosot-bina“f
Praoof

cos9  sin9

— €0s9°+sin9°® — cosg°+cos‘)°
LHS cosoc—sing®™ cs9" sino’( Dj vi ding tM)oughout by c

€0s9° ¢0s9°

1+tan9® tan45°+tan9®
= - = —— [~ tand5° = 1]
1-tan9 1-tan45°tan9

=tan(454+9)=tan54 _RH S

Q-5 Pr o v esingd §igR — C) + sinB sin(C — A) + sinC sin(A - B) =0

Transformati on
or sin(A + B) +sin(A— B) = 2sindAcosB i f f e enceer sad

) sin(A + B) —sin(A— B) = 2cos AsinB
i (,)OS(A +B)+cos(A—B)=2cosAcosB
i qog(A + B) — cos(A— B) = — 2sinAsin

(i
(i
(i
(i v)B

epl acin

0os

of a Pr
Vi ce

D d L
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sin € + sin D = 2 sin

o~
l":

c+D c-D
Ccos

=)
c D)

ﬁ
I N

sinC —sinD = 2 cos

=}
~—

sin (
c-D
COS( )
-D
n

cosC —cosD = — 2sin (%) si ( > ) = 2sin (C;D) sin (%)

c

N TN
N|+N
=]

—

cosC+ cosD = 2cos

Some Solved Probl ems

Q-1 P:r o v ein50°R-ait70° + sin10° = 0.

Praof

L . H=si&50—sin70+ sinl0

= sin(60°— 10°) — sin(60°+ 10°) + sin10°

= —2c0s60°sin10° 4+ s5in10° (~ sin(A — B) — sin(4 + B) = 2cosA sinB)
= —2 x5 sin10°+ 5in10°

= —sin10+sinl0=0=RHS

Q-2 Pr osin@&0+ sin20+ sin40+ sin 50= sin 70+ sin 80
Praof

L HS sin10+ sin 20+ sin40+ sin 50= sin 70+ sin 80

= (sin10" +sin50") + (sin 20" +sin40")

— 7sin (1032 50°) cos (10 2 ) PR (20“;40") cos (20"; 40")
= 2sin30 cos20 4 2sin30 cos10°
=2sin30° (cos 20" + cos 100)
1 o o
=2 5((:0520 +cos10)
=c0s20 + cos10°
=cos(90" —70") + cos(90" — 80")
=cos70+cos80=RHS

cos7a+cos3a—coss5a—cosa
Q-3 Pr 0 v esinta-hi@d-sinsa+sina
Proof
__ cos7a+cos3a—cos5a—cosa
L HS . sinfa-sin3a-sinsa+sina

= cotla

__ (cos7a+cos3a)—(cos5a+cosa)
(sin7a-sin3a)—(sins5a—sina)
7a+3a 7a-3a sata sa—a
_ 2os(0) cn{(230) o34 (3
7a+3a . Ta-3a s5a+a . Sa—a
Zcos(—) sm(—)—z cos( )sm( )
2 2 2 2

2cos4a cos2a—2cos3a cos2a
2cos4a sin2a—2cos3a sin2a

__ 2cos2a(cos4a—cos3a)
2sin2a(cos4a—cos3a)
__ cos2a

sinza cotza = RHS
Q4 If sinA = KsinB, Prove that tan- (A B) =— tan (A+B)
Praoof

Gi vseh= KsinB
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sinA _ K

sinB 1

sinA—sinB _ K-1
sind+sinB = K+1

A+B . A-B
2 cos—— sin—— K—1

2 sinAtB 058478 T K+1
2 2
o cot 2B an AzB - K1
2 2 K+1
1 K—1
= tan-(A—B) = —
2 K+1

tan%(A + B)
Q51 A+B+C=mPr ov esin24AH ain2B + sin2C = 4sinAsinBsinC.

Proof :

L . H=s$2A + sin2B + sin2C
= (sin2A + sin2B) + sin 2(

=2sin(A+B)cos(A— B)+2 cosC

= 2sinC cos(A—B)+ sinC 2 cosC+ AS-IIIIE?= m— C sin(A + B) = sin(m — C) = sinC [, ]
= 2sinC {cos(A — B) + cosC}
= 2sinC(cos(A — B) — (A cos+ [ = cos{m — (A + B)} = — cos(A + B)]
= 2sinC (2sind sinB)
B)) cosC

= 4sinA sinB sinC =R HS

Compound, Multiple and Sub Multiple Angl es
Mul tiple and Sub Molrtiapl ar AuguesmeddBdyaci abl e)

are called itfé2 B3 eticpl essreancdal |l ed its sub
fand®,0+0, 6 —Pare called the compound arguments.
Theotlem

(i) sin2A = 2sinA cosA

(i) cos24 = cos?A — sin?A = 2cos’A—1=1-2sin’A
(i) tan24=-2"2. A% (2n+1)=
2

1-tan?4’

Theow2em
(i )sin3A = 3sinA — 4sin3A
(i icgs3A=4cos3A —3cosA
P __ 3tanA-tan’A
(iii) tan34 = R e
Proof :
(i) sin34= sin(2A + A) = sin2A cosA + cos2A sinA
= (2sinA cosA)cosA + (1 — 2sin®A)sinA
= 2sinA cos?A + sind — 2sin3A
= 2sinA(1 — sin®A) + sinA — 2sin®A
= 3sinA — 4sin®A
(i i yos3A=cos(34+ A) =cos2AcosA—sin2AsinA
= (2cos24A—1) cosA — (2sinAcos A) sinA

= 2c0s3A — cos A — 2 sin*Acos A
= 2c0s3A—cosA —2(1—cos?A)cos A

mu |



= 2c0s3A —cosA — 2 cosA+ 2 cos3A

=4 cos3A—3cosA

_ _ tan2A +tanA
(iii) tan34 = tan(2A+ 4) = Pryr—

2tan A
(1— ranZA) +tanA
- 2tan A
1= (17 tanzA) tan4
__ 3tanA-tan®A

1-3tan?A

ENGG. MATHE MA

NotReplddogé/2 i n Tlheorhem f ol |l owi ngs can

. 3 A A
(i) sind = ZstnE cos

. Y A Ry
(i) cosA = cos? 3= sin? 7= 2cos? s-1=1- Z.S'lan

tanA — Ztan’%

(iii) tan _1—tan2‘2;
NotRepldady4/3, i n Tlheorhem foll owi ngs can

(iv) sin@ = 3sing - 4sin3g
(v) cos@ = 400332— 30052

) 3tan—tan3?
(vi) tang=—"3—7F3

1-3tan?;

Some Solved Probl ems
cotA—-tanA

————— = Cc0524.
Q-1 Pr ov eotatuhna' t
Proof
cosA sinA cosZA—sin?A
cotA—tanA _ sinA cosA  _ __sinAcosA
cotA+tand ~ COSA  sinA cos2A+sin2 A
LHS: sinA  cosA sinA cosA
cos?A-sin*A SinA cosA
= — - = c0s2A =
sind cosA cosZA+sinZA RHS
ot A _ sinA
Q2Prov %% Niachsa
Proof
A A A
sind Zsin;cos; cos; A
= = =3 = cot— =
R. H.18o0s4 2sin2Z sin= 2 LHS

2 2

Q-3 Pr o v ecotfl h@sec2A = cot2A

Praoof
cosA 1
L. H. Cng — cosec2A = sinA o sin2A
__cosA 1 __ 2cos*A-1
" sinA 2sinA cosA  2sinA cosA
cos2A
= oA = cot2A

Q-4Find then20@t4ras’7Q)?
Sol

be

be

prove

der i

\

ed
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sin 20 (3 — 4c0s?70) = sin20[3 — 4cos?(90 — 20)]
= sin20 (3 — 4sin?20)
= 35in20 — 4sin320

ﬁ

= sin(3 x 20°) = sin60° = >

Q-5Pr oV ecosff[Ah—girtlﬁA = cos2A (1 —isinZZA)

Praoof

LHS = cos®A—sin®A = (cos?A)? — (sin%4)3
= (cos?A — sin®A)(cos*A + cos?A sin®A + sin*A)
= cos2A{(sin?A)? + (cos?A)? + sin?A cos*A}

(sin?4)% + (cos?A)? + 2sin®A COSZA}

[ —2sin®A cos?A + sin®A cos?*A

= c0s2A{(cos*A + sin®A)? — sin*Acos*A}

= c0s2A{1 — (sin A cos A)?}

( 2
= cos2A31 — G.ZsinA cosA) }

= cos24

= cos2A (1 —isinZZA) “RHS

Q-6 Pr oV ink0 h g1t70+ sin1l0=0

Proof
LHS = sin50 — sin70 + sinl0
= sin(60 — 10 ) —sin(60 + 10 ) + sin10

= —2C0.5i60 sin10+ sin10
=-2x 3 5in10°+ sin10
—s5in10+sinl0=0=RHS

I NVERSE TRI GONOMETRI C FUNCTI ONS

Before starting about inverse trigonometric fjun:
function. Corresponeinreg atnd:AeBet rtne rBei jeexcitsitosn a(noorteh ¢
't means if we inter channdgel etth et hdeo rae vhw hauncdh i reannl gdee

be gi #B8nAdegf i ngévd=msiyf andCdpal y B 4is called as t he
offfA>Bdenotfeld by

A i B B g A
I > a a > 1
2 =~ b b > 2
3 C ¢ 3
Fig 2.12 Fig 2.1
A funf¢dA+Bins invert Pelxd sitts rodnaeisanids oomne. Consilde

trigonometric functi®mB>[-Llh Bmaesinorf=0wh eltelerf unct i c
Thus sine function is not bijective in the dor
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Properties of I nverse Trigonometric Functions
adjusting property:
sin"!(sin@) =6 ()
cos™1(cos@) =0 (ii)
tan~1(tan®) =6 (iii)
Pr oof :sing %2 thend e sin'x,
-'.sin_l(sin8)=sin_1x=8(proved)

Similarly, proofs of. (ii) & (iii) can be compl

2Reciprocal Property:

11 A
. cosec l==sin"1x. .
i x i
1
sec’l-=cos 1x. . .
x i
11 _
cot 1;=tan 1x
Proof
(i) silText=6, = x = sind
secd =——=21 =09 =cosec™1>
Thecr?, ~ sing ~ x’ - x
— cin-1 — -11
Hen(Ta‘”} x and 8 = cosec X
sin~! x = cosec™12
Therellno’fe, x
v ein—1 a4 -11
S SIn X = cosecC x(Proved)
Similarly (ii) and (iii) can be proved.

3Conversion property:
(i) sin"lx=cos1v1—x2 =tan" 1=

—X

[y
N~

J1—x2
(i) cos™lx=sin"1V1— a2 = tan™! lxx
Proof:
( iL )@t sin~'x sothat sinx =6
N o wosé = V1 —sin26 = V1 —x2
t e_sin&_ x
i . tes COS_1V£—JC2 ] NG = "0e0 T Vicaz
— -1
OrB’—tan —
— cin~—14 — 1.1 — +2 — -1__ %
Th s s x=cosm V=Xt =t m=s pbroved)
Similalr (ii) and (iii) can also be proved.
Theoi &m

4 .

(i) sin"lx+cosTlx=m/2
(ii)anlx+cot™lx=m/2
(i 2 iséc lx+ cosec?
Proof:
(i)sinC'etsd,

= x = sinf = cos(nw/2 — 6)

=>cos lx=n/2-0=m/2—sin"1x

=sin"'x+cos'x=n/2 (Proved) Similarly
(ii) and (iii) can also be proved.

x=1m/

et
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-1 1., _ -1 Xty
5. Theor'ff"%*m-”‘)’lﬁ‘l;th(garl1l X +tan"y =tan (l—xy)

Proof:
L etan™'x =6, andtan™'y =65t hen

x =tanb; and y = tanf,

_ tané, +tang,

N o V\i;a’n(91 + 92) ~ 1—tan 6, tan 6,
+

= tan(6, + 6;) = lx_xj;

= (6, + 6;) = tan™! (%)

x+y

1—xy)( Proved)

=tan"'x +tan"ly = tan~! (

14 _tan-1v = tan-1 (XY
6. Theoiafn x-tanly=tan(T)
Proof:

L etgn™'x =0, andtan™'y =0,

t h=htanf; andy =tanb; N o w,

_ - — — X+y+z—xyz
tan"!x +tan"'y +tan~lz = tan 1(#)
1-xy-yz—zx

2tan!lx = tan™! Eiz if |x] <1

tan ¢, —tan g,

tan(a] - 92) = 1+tan 8, tan 8,
=y
= tan(f; — 0;) = Trxy
—1{ x=y
= (6, — 63) = tan 1 (m)

x—y
1+xy)( Proved)

=tan"!x —tan"ly = tan~! (

7. Theoiém

(i) 2sin7lx = sin‘l[[ZxVI —]xz]
(ii)) 2cos™?!
Proof
(isiy"'x =0,t hxe=nsing
. sin20 = 2sinBcosf = 2sin@+/1 — sin20 = 2xy/1 — x2
= 260 = sin~ ! 2xV1 — x2
= 2sin"'x =sin"12xV1—xZ( Proved)
(i i )as 'i=e@thenx = cos@
= c0s26 = 2cos?6 — 1
= c0s20 = 2x% —1
=20 =cos '(2x2—-1)
>2coslx=cos!(2x 2 “1(Proved)
8. Th&orem

x=cos 1 2x2-1
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(i) 3sin7lx =sin"1(3x — 4x3)

(i) 3coslx= cos‘l(Sx - 4x3)

-1 3x—x3

-1, _
(iii) 3tan " x =tan T 3.7

Proof:
(i) sinf'let 6 = x=sind
We know t hat,
sin30 = 3sinf — 4sin36
= sin 30 = 3x — 4x3
= 36 = sin”*(3x — 4x3)
= 3sin~'x = sin"'(3x — 4x3)
Similarly, (ii) and (iii) can also be

9. Theo#em

(i) sin"!x +sin"ly =sin™1(x/1 - y2 + yV1 — a2
y yery

(i) coslx+cosly=cos lay—+v1—2x2./1-y2
Yy y Yy

(iii) sin"'x—sin"'y =sin7!(x,/1 - yZ —yv1 —x2
y ye=)y

(iv) cos'x—cos'y=cos(xy+vV1—2x% . /1-y2
y Yy y

Proof

(i )sinf'@Eb,ansin™'y=06,
T h eXp=,sinf;andy = sin 6,

1

~ sin(8; + 6,) = sin 8, cos 8, + cos 6,sind,
= s5inf;/1 — sin?0, + V1 — sin?0, sin 6,
=xJ1—-y2+yV1—x2
= 6, + 6, = sin™! (x\/l —y2 4+ 1 —xz)

= sin"lx +sin"ly = sin‘l(le —y2+yV1— xz)

Similarly, others can also be proved.
10. Theoi®&m
(i )sin‘l(—x)=—sin‘1x
(i icgs‘l(—x)=n—cos’ x
tan 1(—x) = —tan1x
Ciii)
Proof :
(iLe-tx=sing, =8 =sin"'(—x) (1)
Si n exe=sing,
= x = —sinf =sin(-0) =g =—sin"1x (2)
= —f=sin"'x From eqn. SPIGDansé ' c2Proved)
( il ertx =cos, = 0 =cos™'(—x) (3)

Si nexe=cosh,

= x=—cosf0 =cos(m—0) —g=m—coslx (4)
= mT—60 =cos 'x From eqn. co§‘§()—x)gﬁdcof(‘14x) ,
( ile-ty=tang, = 6 =tan™'(—x) (5)

proved.
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Si nexe=tanf,
= x = —tanf = tan(—6) = 0 = —tan"1x

=—f=tan”'x £ om e qn. taps0x) &m@n (x6) ,

Some Solved Probl ems:
Qil1Find t heostyna'cogces 'o/3/2
Sal

cos tan™" cot cos~1/3/2

= costan~! cotcos™! cosm/6

12 -1l_m
— Costan—l Cotﬂ'/6 Q'2 P r ov etant h ‘5 Qa‘n 3 "

Praof
tan~'tan( /2— /6) cos wn 11 41
) —cos(n/2 —n/6 L Hstan E+tan 3
=sinw/6=1/2
1,1
— -1{_z% . -1 -1y — -1 Xty
= tan 1_%x§ [ tan” "x + tan” "y = tan (1_xy)]
_ -1 5/6 _ —1 5_/6 _ -1 _E_
= tan (1—1/6) = tan (5/6) =tan™(1) = 4 RHS
in=1% 4 sin~1> = cos—118
Q3Provelt At BT o
Proof
— of —1i+ : —li
L HSSin otsinT

[0

] v sin~lx 4+ sin7ly
= sin-1 4\/1_(%)24_%\/1_(%)2] [: Sin_l(x\/l—y2+y\/1_x2)

P 25 5 16
= si - —_— 4= _—
sin e 1T tEdl =
4[4 12 5 3
= sin~! —x—+—><—]
5713 137 5
2
- 63 _ 63 -
= sin 1(—)=0051 1—(—) =cos 1 ==
65 65 65 RHS

—-11 _ -13
Q4 Prov S zatan”
Praoof

—. -1 2x
We kn o%vmnt Az fan (1—x2)

1

2%
2tan™12 = tan~! i) =tan™?! (ﬁ) = tan~13 =
3 1_(1) 8/9 4
3 RHS
inT1 12 -14 -18 _

Q5 Show fh gt €05 sttan =7
Proof

— cip-112 -14 -163
LH'Ssm 13+cos 5+tan P

_ -1 12/13 -1 \/m) -163
= tan (—m)+tan (—4 75 + tan e

cos 'x = tan™? (

2 3 63
= tan~?! (]—) + tan™?! (—) +tan~'=
5 4 16

« sin”lx = tan™?! (

(6)
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_25

4
ji
.;4

- _22 -1 =1, — -1 [ Xty
= ( 6) [ tan ™ "x + tan” "y = tan (l—xy)]
= tan~ 10— =RHS
Qi6 Pr ov @ h +tan 1%=tan'1%
Praoof
2 n‘11+ta 1l
& ;
1 ZXE 11
=tan t ———— t =
an 1= (1/2)? an 7

1
= tan™! =+ tan~!
B
4 1
=tan"'=+tan" 1=
3 7

4 1
— 4=
-1 3 7

=t R S —
T 00

_,(31/21)
(17/21)

=tan = R.H.S

EXERCI SE

1. 02 Mar ks Question
i St adt¥5and cosec271 ar e positive or negative.

i Fi nd t heosiasl..u.e..cost00.
i ii . ii1i1 Find t heos30aihsblesind0ftans0.

tan 30°
iv.Find thei—dsadF ue of

c0os45° + sin45°
v. Cal c uodssztsigas®

2. 05 Marks Question
i Ver i f ytan2®5h @tt405 +tan765 cot675 =0 i i

A 1-sinA

tan(———)= -
Prove *h &t 1+sin4
i ii.l A,Ban@are the angles of a triangl e,

Then s h ¢awd +tam B + tanC =tanAtanBtanC i v .
sin2A —sin2B+sin2C _ tanB
| A+B+C=mPr ov esinkah @ntB-sin2¢ ~ tanc
3

sin %0°hsg1t40° sin60° sin80° = =

=secA—tan4

vProv
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UNI-ITI |

Twai mensi onal Geometrly
I ntroduction:
Coordinate geometry is a branch of mathematics v
use of al gebra. It was first initi-4a668)bynFhelac

YULa Geometrybo, Publ i shevsh iam TL&IOT dslhamed Gieto med | g |.

Fundamental concept:
Il n -t wme ns toorndilnatoe geometry, the position of ploi
an Yorder pair of therdumbeesoal Aot emodvet ersmiyrCior
point on a |ine or dupbpuée dnsthecpl aprewewa wwbl pbD




di visi on,

circle using algebr a.

Coordinate system:

ENGG. MATHE MA

area of c¢closed figure (Triangle ), sl c

A system in a plane which i ny CeordinatePlancorCartesianPlane | g | ||y
' ines which intersect at the ot measur e
form a orthogonal soyrsdtienmatcealsly = [« ¥ 1 co
This system is used to speci f oo Hommmmeaie. gn off a
in 2D. (Fig 3.1) SN A
Coordinate axes: \ -
The intersecting lines are ca | ™™™ " "Jates]| ax
The horizontalxilsine is call ed
The verticadaxliisne is called vy CA 3
The point of intersection of axes is called the
Origin:
The point where both the axis meet/intersect s
towards r i ehxti st hrokughs xmeasured as +vei#gmnd.ts @ani
Similarly, from oriagiims,t mwarids +wpei tammedo du gphway ds| d
Coordinates:
A pair of numbers which | ocates the points on |th
as an order pair (x , y) .
k6 is the distanaxi sofi saa psocowmstseabsr d mnahe. Y
Wo6 is the di st anacxei sofi sao kphdoiowmsst gefosr dinntah € . X
Quadrant: -
The coordinate axes divide t | . o fourn e
called quadrants named as Ouadr(a_";g) o (Z";‘:ra"“
xoystQuadr &@t0y >0 xoy "fQuadran "5 i
x<0,y>0x0y 3Quadr*anty)<0 ¢ -+ - >
X 04y uadrXenlty <0 ‘9'3'7‘6'5‘42?3 '“D”““ax's

(2°3) o (23

Quadrant Il T  Quadrant IV
Representation of any point (x, y ) VUll tne Cartes
Coordinates e@afxiasnyarpeoi(nxt, 0o)n coordiCAdtes of
any potaxti somry (0, y) Exampl e:
Any paQi, Bty A s | ocat ed -aaxti s2 nueraistu rdeids toann coex f(rpoons|i yt

axis right
its Ipeadr

Similarl sy,
shown in figure.

Di stance f
Let 1, Ryxand

to origiq@axiandniedsumietds odhi ©OtYafpe sf t ® me

ani . (figure3. 2)
BRiZG(sanB() Dare I"8¢Fandjdiadr 2ant respe

ormul a:
)@(bxe t wo given points in the coordi

cti

nat
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y Q(Xz2,Yz /

A
(¥ Y1)
P(Xs, V1)
R
(Xz—X1)
‘OV S T X
fig3.3
PQR i s-amaglteghtiangl e.
By Pythagoras theorem,
PO= PR OR
Or, PQ@= Ax)* 2w
Or , PQM: Z
is the required distB@rpy bedl w@érn two given poli
QL1 f the distance between the points (3, a) a
Sal Given tkrée wetiesnnt adthee points (3, a) and (6, 1)
Using distance formul a,
J6-3)2+(1—-a)3-5
Or , 941l-a)’=25 (Squaring both sides)
or, (-a?=16
or, 1a = N4
Or , a = 83,
Q21 fop(0), A(1,0), B(1l.1) are the &0E?t i ces of
Sol :
Given O(O, o), A(1,0), B(ADAB. 1) are the vertice
Using distance formul a,
| oAaf(=02+(0-02= 1
| OB/(1= 02+ (1-0)?% =7
| AB/(I= D2+ (1-02%=1
Therefore, OA = AB |OAI%ARS| 4B
Heng®RAB i s-amgilieghtsoscel es triangl e.
Division/ Section formul a
I nternal di vi si on
Let x1,A1) ( af®g¥2)B be two given points. Suppose P
l'ine AB in the rd8tPBemmn.n internally i.e.

(x,
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X
B(x;, »,)
1
x5
S c
m
A
Y. Q
(xp,0)
V) R s T °X
v
Fig 3.5

From t haARFQ gaunrde ARCB aamrgé esi mi | ar .

AQ _ AP _ PQ Xz _m_ ¥y
He n cee™, PB ™ BC, Orx;—x n y;-y
X-x; _m

Now, x:-x n,
O rmx; —mx = nx — nx;

Ormx +nx = mx; + nx;

_ omXxa+ g
Or ,_ m+n
m_Yh
and no Y-y

Ormy; —my =ny —ny,
ormy +ny =my; +ny,

my,+ n
Ol’y,= yfrzn+ny1
rr-1x2+nx1 my2+ny1) .
Hence, the coordimmatesano/f point P are
Not e: Mi dpoint formul a
lf R is the midpoW,kt affg®m@e | ine joining P (

Xq1t+x,, J’1+J’za
Then ohdiaat s2 0f2R are

External di vi si on:
| f XAV atzly2)B be two given poi nt st
Letx,P(y ) be any point, whi ch di

AP _m
externadeT ¥y, t hen

{mxz —Nnx, Myz—ny, I)
Then bhdioates of mtnhe mpnoiynt P a
(Similar type of proof as with Tmnmtermat_—di vi si

CAdo
Q-1Find the coordinates of the point which diwv
the ratio 2:1 internally.
Sal

Given P (1, 2) and Q (3, 4) be two points.
Let R be the point which divides PQ internall.\y

Using internal dowvdismamed oofmup@i,ntt hR &roe
((2><3)+(1><1) (2x4)+(1x2)) _ (z 1_0)
2+1 T 2+1 “\3'3

Q2Find the coordinates of the point which diwv




ENGG. MATHE MA

(3, 1) in the Salt:iio 3:2 externally.
Let R be the point whichi3di vii)de sexR@,r njadilrnyi ngn R (h2
external division formul a,
(3x=3)—(2x2) (3x1)—(2x3)\ _ , .
The-ocdi nat es ()f 3-p 0i’'nts3-2R )a_r(elg’ 3)

Centroid of a triangl e:

LepABC with vertices are give
A X(YV1) [ x(2B2) a rdY3)C(

Let D, E, F ar e t he mi dpoir s5i de B C,
respectivel y. F

Coordinates of D, E and F ai
(x2+x3 yz"’y:s) (x1+x3 }’1+3’3) X1+X; J’1+3’2)

2 ' 2 ) 2’ 2 /Jandz ' 2 Jrespecti 3B &

. . . . (“\2'))2) D (-x;-}';) .

Letabe a point which divides .0 ..... .Y "AD intler
ratio 2:1. Fig.

2(%225) 1.4, 2(—y2’;y3)+1.y1)

So, tohaimdibes ot 21
=(9514‘352“*'3‘3 }’1+YZ+3’3)
3 ’ 3
Simil aizhygbeéetpoints which divide the median BE
X1+X,+X3 Yi+Ve+Ys )
So, tohdindbea&ao '

, . _ gxl_"'xz"'xB J’1+J’z+}’3)
Since-otrhé nat es ofuGianédsmanentis ear e :

So, th@btmnfdare not di fferent points but the 5sai
X1+Xz+X3 3’1+y2+y3)
Hence, the poidhhabhegi ng/common to AD, BE and CF

the ratio 2:1., which is known as the centroid.

Some Solved Probl ems
Ql1Find -0ohedi c@tes of centroid of the triangle whc
Sal

We know tiatdi nehescof the centr@ivd Cep)andt ri anc

XXXy Vi HVa+ Y-
(x3’y3) are( 1 3z S'yl J;z y.i)

Ther ef oroer,diTnhaet ecso of the centroid of the trian|gl
re (0+B+8 6+12+D) _ (1_6 6)
0? 3 ' 3 T \3’

Q2Two vertices of a triangle are (21, 2), (3, 5 )
the third vertex

Sal

Let tohddiommates of the third vertex of the trialng
So, the coordinates of the centroid of a triangl

1+3+x 2454y _ (4+x T+y

b)(z ’ 3)_(3’3),

Given the centroid is at the origin, (0, 0).
4+x HY _ g

Theresoland O Orx,=—4an¥{=—7.
Hence,ondienatoes of tHe7)X.hird vertex are (
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Area of a triangle

A (X.Y1)
C(X:.Y)

B(X.Y;)

> X
L(X;,0) M(X,0) N(X0)

Cho @

Let ABC be a t rdxankA0e yahd nds.Ysv.ertices

No w, AremBcsorfea of trapezium ABLM
+ Area of trapezium AMNC

IArea of the trapezium BLNC

We know that, A7 (@upn ofpgralie] side sp(Risgracs bety enthem)

1 1 1
“Ar eaAs i 3BL+AMLM +-(AM + CN)MN — = (BL + CN)LN

= %(3’2 +y)(x —x2) + %(% + y3)(x3 — x1) —%(YZ + y3)(x3 — x2)
1
=S +yi =y —y) +x(=y2 =y +y2 +¥3) x5y +y3 = y2 — y3)]

= 2612 = ¥3) + %2 (y3 = y1) + X3 (1 — )]
This can also be conviniently expressed in thig
1x1 yi 1
S[¥2 V2 1
x3 ¥z 1

Coel inearity of three points:
Poi nx,g) AxB.) (anxgy;)C are collinear, if they lie o
JABC = 0,
%X Yy 1
X3 Y2 1
i .l y3 1
Some Solved Probl ems

Q1Find the area of trianglli2)whaB8d CTéjfjtices ar
Sal

=0

L 4 4 11
Area 0ABG hze 3002 1
03 16| 1
= % [4(-2 -16) -4 (3+3) + 1(48 —6) |
1 1
= —[-72-24 + 42] = —(-54)= -27
2[ ] 2( )

JArea of |Dﬂhﬂi2a%nogl18er=e uni ts

3%
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Q-2Find the value of UYaly, so thaiB alrlea 00f atnhde (

10 units.

Sal
Gi vemea ABC =10 wunits

0O 01
1
Or?2 1 0| dT10

0 a1l
Or, 1T0)l1(=a 20
Or , a = 20 units
Slope(Gradient) of a line:
The tangent of the angl e madexbayxias liinn ea natiitchl otchke
is called slope or gradient of the Iline. Gener al
He n e tan, whéeries Ut he angle made by thHexlisnadg nwit
anticlockwisedirection. .. (Fig: 3:9)
+SNb Ol f
e A
A : Y K
. I 2NRAT 2y
Y r
< —l >
< > « n
E
hVL / 4 v
Fig. 3.9 Fig. 3.10

Notlel n (fiig s3.th®) |LlLxme i pa rSéohd etl’ean® So, sl ope of
the | i nexiapxarsalilselz etroo .
Not @€h2. Liinepdr pexadiicsu loary-ataad a9 °®b= ttoan9G not defi
So slope of tyhri bi hbeepairabl eline) is not definec
Note S8l ope of a | ine equalliyl i,nalsi nende 4ba nkdo tnta ktel
135a n g | ex—wiist h
Sl ope of a linexjygi re@(dg, tewdb Points P (
(X,y1) &rfxdy)) be two points on a |ine making an ang

with positisagidirection of x

m=tano = Perpendicular — V2N (flg 3.11)
Base X2 X1
. _ > LY. .
Sl ope of the | ime=PQ?i’s given by,

X2 [IXa

P(x1, y1)

Q. ¥o)
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Conditions of parallelism an |a . L' larity
1.Two | jannedsalie palreath hgble: t he ) ‘
of inclination,aofdtlhe parall
From fig (3:7122), we have
Ut arr tan \ 64 \\ 6,
jml:mz < / X=
i.e. Two lines are parall el opes ar e
2.Two |lines are perpendefawmlgar v. . ___ . __her
be the angle of inclinatnigon of thé %2%rpendicullar
From Fig. 3.13, we have A
2= 9@ +
taxx tany)(90 +
-1
mp=I0]¢C 01 t_ tan g,
90
1 ' 5
mp= __ \ ‘\' R
my
0 mymp = 01 Fig.
i.e. two lines are perpeddicul ar if their prodtdu
Some Solved Probl ems
Q-1Ffind Slope of a |l ineSdgloining P (2, 3) and Q (
Slope of the line joiyiwgd B(12,013) and Q (1, 4)
Xe [Ixa 1002 01
Q-2Find slope of the |ine perpendicular to a |I]in
Sal
V2 [y1 502 3
Sl ope of the Iine PQ joinilng P~ (1, 2) and Q (3,
X2 [1X1 301 2
1
So, slope of the | inelllpZe/lfdendicul ar to PQ =
3/ 2
(Since productl)of their sl opes is
Q-3:Find slope of the |ine parallel to the lineg |
Sal
6-4 2
Sl ope of jtohienilnigneP RQ,2-M4)i1and Q (2, 6)-=
So, slope of the Il ine parallel toAnRQ e= b2e.t weXkinnc e
two | ines
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(o] Xx-axis

Ledbe the angle between ttawodsmeai ght | ines wit
mi= tham d,= 1havh edieendlar e t he angle of
inclinations of two | ines.
From Fig. 3.14,
0+6,=06,
Or tanf =tan(6, —6,)
__ tan@,-tanf; _ my-my
O rt?'ne - 1+tan@; tan 6, - 1+mymy
The other angle betnwden the | ines is given by
—0) = — = — Ma7
Sotz:m(n: a) tan @ Pyrw—
Therefore) bbdewaeg!|l ehém™mbnthes wiwviensbgpes
tan@ = + 2L
1+m,m,
Not e
The condition of |ines to be parallel and per
tan® = + —2 L
1+m,m,
For par #k=0.el |l i nes,
tan=10
my=m; __

Or 1+mym,
Ormi=mz ( S|l opes are equal)

and for per@gefi cul ar | ines,
Orcot8 =0
1+m1m2=0
Or my-my
Orl+mmy;=0
ormmz=-1(Product of thkir slopes equal to

Some Solved Probl ems:
Q-11 fi(=21),B(23)an@d-2-4are three points, find the an
Sal UMeanWbe the sl opes of BA and BC respective
—3_1 43 _7

T72427 2 and?™ —2-27 2
Lebe the angle between BA and BC.

1
2
1

m,—m, 5/4 2

T 15/8° 3

7
tan® = 4
0 1+mqym, 1+

7
2 4

_a_ -1(2
Therefore, the an_gq_emnbe(I)ween BA and BC
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Q2Det erxmiond hat the |l ine pas5) nipandgs eugiht (3t hé) p
di rectaxins of
5-4 1
Sal The slope of the |fR&Expassing through (3, [4)
Again, thd35ahghe wiaklkest hexpesbtive direction of
So i t=stand35®e ple
1
—_ = — y
Therexhoré, x=2 Or , \B
I ntercepts of a |Iine on the a \
I f a -stnatagkhitss axt _Axasdath8,y = T AN X
|l engths OA and OB are knoawi sa cepts |of
andaxyis respectively.
The intercepts are positive o Y accordin
with positive or -omredgiandtvee aX ax.cthremg 3kifg.co
3. 15, - nOAer cxeipnt e OBeyt .
OA is positive or negative according as A |ies
or negative according as B |ies on OY or OYO6 1 es
Not es:
1. I'f the line passels=nhhcowgh. t he origin, then
Therefore, the equation of a YITi"¥e passing|th
2. I'f the linaxis,pahahnl enE0t o x
Therefore, the equakiienief yacline parallel|l t
1
3. I'f the | ine iaxipse,r pteman caull ape tof xEﬁg. l'ine Umé
1 c c
Therefore, the equati-@ni ©m’aml imee pet penxi clul
i nt er cXep0t—¢1 =S4 ,.xe=.constanti s t he equation of | ine|l p
axis
Some Solved Probl ems
Q1Find equation of the | ine which has sl ope 2| al
Sal
Given Slopeinptere@ptand ¢ = 3
Usingilisntogprecept f or m,
Equation of st ma=2amtdi ryti erec3avmtt i yeodpby
mx+ C
Ory= x2 3
Or xiy+2 3 = 0
Q2Find the equation of a Iine with slope 1 and c
of-ay.i s
Sal
Letbe t he «bleopiedneaeydcept of the required | ine
Gi viesnlandll2c. =
'The equation ofm=tlhedlntneer=caéi psthgslepeby
y=mx-+c¢
ory=Llx+(-2)
Orx—y—2=0




ENGG. MATHE MA

Q3Find the equation of a straight | ine

yaxis and mak2wi alh tahgl posifaxivSodi recti on of X

Her e sil=aap 1a20=tan(90+30) =—cot30= _/3
and nyt ecseSpt ,
Usingiishntoprec BpMXHcor m

Therefore, the equatid¥—-sfomeyregUired line i
2. One psesiope form:
Let the | ine withxw bpe Bm(pagpe through Q
be any point on the I|ine

yoy*
Then sl ope of the Kixne is given by m =
ThereXor=emx—x)is the equation of required |ine|
Some Solved Probl ems
Q1Find equation of the | ine which passes thro
Sal
Usi ng oxleopeifndr m,
Equation of t hex,hi n=e( p,akxs)seasnd hglgduggeh =2 i s gi V

m )
Oryi2 =x-2) (
Or xiy=2 0

Q2Determine the equationb)ofand npaxtihérloallg ht d hx

Sal

Since the | i-avei 9,5 Pplacmd el mto .
Usingspopet for m,

Equation of t hex,Whi nebdpadsebopbr maflyi é

gi ven by

Tyi= m-x{ x
ory+5=0x—-4)
Orj’/+5=0
Q-3Find equation of the Iine which bisects the
Sal
Let R be@oihéeé wmidthe | ine | ') an
4) . L
(A3 2 210= R (2

So,orcadi nat es] of R are R

4_5 22 2 D ‘P(1,2) R 01:4)
No w, slopeQzéiljDE(le m
The |line LR passes through R (2, €33 tand perpe

PQ. (Fig 3.17)
=t -1
So Sitmpe™e 1

-1

whi ch

cu

en

p o i

nd
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Equation of the | ine LR which pdssiess through t
y-yi=  m-xpx
Ory-3 = x42)
Oryi3 =+ 2
Orx+yi5 = 0
3. Twgoint form:
Let m be the sl ope of ax,y) naagypaGcsing through t v
S|l ope me
Xz [1%1
the equation of the required |Iine is
yTyi=m(XT Xq) ( oneispopertform )
Puttlylzghlmn-above egwat i on, we get
Vo= _
Y === (x xl) is the equation of required |ine.
Some Solved Probl ems
Q1Find equation of the | ine which passes througl
Sol
Let m be the slope of the Iine PQ joining the]|pc
m= 3&3’12;2:1
) Slope Xp—xy  3-1
HerXxe=Lyi=2an=3y,=4
Usi ngpotiwvit f or m,
Equation of t he required i ne i S
yT yi=m(x-x)
Or yi2 =x-1) (
Orxiy+ 1= 0
Q2Prove that thé)pandt 6105, 4))arélcollinear. Fin
these points 1Iie
Praof
Let the given ploli)ntasndb eC(AL15,6 41))., B(1,
Then the equation of the Il1lneipassing through|A(
y—1="=(x-5)
Or x—2y—=3=0
Put=11anX¥=4i n the above equalt-i2ena-3=0e get,
Clearly, the point GCEZn-3=40) satisfies the equati
Hence, the given points A, B and C | ie on thej|ss
x—2y—-3=0
4. I ntercept for m:
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Let AB be a str aixghst-aknida e ayt Y
A@g0) and B(O0O, b) respective

Let—i nt exOddleptand B(0, b)

L e ti nyt e=+ @Be=pht

Theref or epoiursti nfgo rt nw,0 b
The equation of the require ]
AG.0) aOby ( - % it B
By two point form, its equ @ @
y-0)=(x—a) '
p. ¢ CA3
Or , y:_E(x_a)
Or, bx+ay=ab
Dividing lmbth sides by
X y_
or, atp=1 i's the eiqutagrioenptoff drime i n

Some Solved Probl ems

Q1Find equation of ntreeclipienwbi2chptias gxal

Sal
Gi veinntxexa=eZpand nyt exkc=e3dpt
Using intercept for m,
Equation of the straight 1ine
X y_
Ex—i_Ey_l
or, z%t5=1

Or ,3x+2y—6=0

i s

pas

by

t o

S i
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Q2Find the equation of the straight | ine which n
the poiSmatl (2, 3).
. X
Let the equation gﬁnd?'ﬁé"'%:llne with intercepts
Since it makes eaqgaradi n anttexur-adxeepst,s tommemn he <co
x ¥y
"Equation afaih Y Y Re s
The AtiyFr@passes thr@dgh the point
So02+3=a Ora=>5

x_ ¥
Hence, the equatioms dfor&h%=5%equired line is
Q3Find the equation of the straight | ine whigh
intercepts on the axes is 14.
Sal

X,y

Let the equation GPrdbheatiThe with i nt(elncept s
Given, the |Iine passes through the point (3, 4).
3 4
2t5=1 orsp+aa=ab (2)
Al so given that, swib=0l4 intercepts = (18B9 i . e.
Solving equations (2) and (3), we have,

3(14—a)+4a=a(14—a)

Or, a®*—13a+42=0

or (a—6)(a—-7)=0

Or, a=6and

Foa=6, t he bed8land adfdr t he bwdl ue of

Putting talmekivrel asgewsatoifon (1), we get
§+§=1and§+%=l

Ordx+3y=24gnyty=7are the equations of the requirled

5. Nor mal Form / Perpendicul ar For m:
LedBbe the |l ine whose equatdiranp ¢ sp & rod idbBey | atrh eqinn e
OL=p £A0L = a.
LeR(*x.Y)be any ABoi mMRbrmadWper pendi-axil ar on
Thend=90—-a

OL
Ther efARMr=ea, F AA®En we oha VPes,
Ther &Ff -oGAeos a.

{/¢9g3+x¢ [ SI NYMANH

v
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Fig.3.19
He n cPe= (OM+MA)cosa=(x+%xMP)cosa=(x+y.tana)cosa

= (x + sina y) cosa

cosa
Theref of ®€Xcosa+ysina

i's the equation of required |ine and known as|nc

Some Solved probl ems
Ql1Find equation of the |ine which is at a disjta
origin to the I30wiet matkklees pPpositigie® odifrecti on of
Sal
The required is 2 wunit distance from thej|or

i ne
i.e. the perpendicul ar di stPamce fbeebrhhtehe ori gin
angle make by the perpendi<eauxliasr. farnodm gti hvee no rtihgaitn

=30

Using normal form, the equation of the required
X clorysiln= p

Orxcos y0d n+ 30 = 2
V3 1

orxz Yz = 2

OrV3x+y—4=0

Transformation of gener al equation in different

The general equati4hBydf=Qwhsitcrhaiogehn Hd nter dmssf or
standard forms as discussed bel ow.

To trafistHb+ar0in the sl oped+Fmittctcept form
We héwtdfytC=0 _  oOr,

By =—-Ax—-C

—{_A _¢ =_4.-_¢
Orj,’_( B)x+( B), which vsme¥c t wl'ef &r“m &
Thus, for tA€EBystCr~=&i ght | ine

_ _ _ A _ _ Coefficient of x
S O_pm'e_ B Coefficient of y

Iatercept on y — axis = — £ = — onstantterm

an B Coefficient of y

___ coefficient of x
NoteTo determine the sl op&ficdatifya |t nandfyert hal Iffor
equation on one side.

Y
b

X
To tradAstHByrm=0in i nt er(5+ept1) form

We héevtdy +C =0
OrAx+ By =—C

pp
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Ax By

orztc=1!

x y

atra=1 X, Y _
Or(,‘%) (‘g) , whi ch i 5+bo_f1. the form
Thus, for tAN€EBystC=&i ght | ine

Xis= _E _ Constant term
Il nt er g a ET A N Coefficient of x
Constant term

. C
Il nter g_gXIpST " B n Coefficient of y

To tradAsHByrm=0i n t he n d¥casgr ysing=m),

We héxvtdy+C=0 (1)
L eqcosa +ysina—p =20 (2)
Be the nodakBY+£85Pm of

I f the equations (1) and (2) represent the same

A _ B _C
Ther ef ogsg, sina -p
—_4r ing = — 2P
or®*="7 and®%=77% ( 3)
Orc?sza+sin2a='qc—f BC—f
ol =542 +B2)
i
orP = *Tazrse
BuRdenotes the I ength of the perpendicul ar fr
_C
Ther ez%_omZes%
_ A . _ ___B
Putting ®he (\/&)C,L(}SeavvmngtS]na VAZ+BZ,
A B c
Therefore, equation (_QA3+B?-f—awh‘lessy_ofﬂm%_hoe form
A B ¢
Or , T VaspzY  Varsi? T Vazip?
which is the requi AedBydré6rthal form of the |line
NoteTo transform the gener al eqguation to nor mg
(i phift the constant term on the RHS and ma
(iD)yvide b ovi(cpeffigigntpfax )2 + frqefficient of y)?
Some Solved Probl ems
Q1 Transform the ®3¢t®t8=0n oof the I|ine
(i3l ope intercept fédrmtandepind its sl ope a
(iihtercept form and find intercepts on the
(ino)h mal form and find the inclination of 1
l ine with the axis and its | ength.
Sal
(i) We h¥3yty—-8=00ry=—V3x+8
This is the slope intercept=—f/_%arnﬂ(i otf e=tBtheep tg i

_ X 4y _
(ii)we h¥yEYy-8=0org+g=1

V3

on

|
k e

vV e
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-8
This is the intercept ﬁ—iontne_raﬁf%inmmeeﬂgcievpetn [

(iiiWe hé¥ty—8=0
orV3x+y=8
V3 x4 1 y = 8
or N R N o R N
V3
Or?x+%y=4.
V3 1
This is the nor mal foFOW_oz"S“fah_@agm-_v‘len l' ine. The
[
Si msimea nadsabot h ar e poeii$iivre,fitmsetrecﬂlm“a{_@_srant and
n
Hen%esann=4
Q2:Reduce t3hedVt4d=leasn @ —-3y+12=0t0 the nor mal for
determine which |ine is nearer to the origin.
Sal
The equation ¥~ 4h%®=0iven |ine is
Or, ~—3x+4y=4
_ 3x + 4y _ 4
or , J=3)7+42  [(=3)2+42  [(=3)2+42
T S
Or , s¥ TSV =,
This is the3xmédithglafhdormhefl ength of the perper
4
1=z
Again, the equattoH+E¥rElsecond |line be
Oor , —4x + 3y =12
o Ly u
or . J4)2432  [(—a)2437  [(-4)2+432
_re43, -1
Or , YTV T
This is thedxméttdd+0afnod nt hoef | ength of the perpe
_12
i 82775
CleabPpPi, therefdsr®+tdmrBi 4§ imearer to the origin.
Q3Find the equati cdandftheli@aegwhtdf st opeperpe
t o5.
Sal
Lectbe t he idaxeirsccept on
Then the equaXd28hc of the |ine is (1)
or , —2x+y=c
2 1 c
- + =
or, Ve T Jme? T Jeome( Dividing Yo’ 1%)i des by
2 1 c
or, “VE*tEYTE which is the normal form of (1),
Therefore RHS denotes the Il ength of the pernq
perpendicular\/F_)f.rom the origin is

c
Theref oq_rse_,\/g:c_S.

Put t&hign (1)Y=2)€5get
which is the required equation of the required

PT

1 d i

nd

ndi
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Equation of a |Iine parallel to a given |line
Lembe the sl| cpebyde¢=G he |ine
. coefficient of x
Then @Fo_%e, (”5‘“gm:‘W).
Letibe Mihret ercept of the required | ine.
Therefore, the equation of the required line |is
y=mx+c (Using nstleapceept f or m)

Or%’z_%x'l'ci

orax + by —bc; =0

Orax+by+1=0, w h e4=e—bc; = constant,
Therefore, the equationXtohy+ta=0iiexebygdr Q| | enhetrogd a
Ais a constant.
NotTeo. write a | ine parallel to axgnldiseanmel iamed, swempkl
replace the given chnstTarticlyhudentdewt eomsnhadt by
condition.

Equation of a |line perpendicular to a given |Iline
Le™Mibe the sl ope ofbehehgisetopkipné anlline perpenc
The”ﬁl:_g and m imz=-1 | (Using perpendicular gon
Letbe Mihret ercept of the required |ine. Then its ¢

Yy =myx+c;
Ory,=§x+c2
Orbx—ay+ac; =0
Orbx—ay+A1=0  wH & ace = constant,
Therefore, the equation ofaXx+by+q=0e Bp-ea¥ plerddi cul ar
wheies a constant

NotTeo write a | ine perpendicular to a given | in
I nter cdradth g e

(iinNf the coamnXimrcitemda sgioen equation are of t hle
signs and if the coefficients are of opposi|te

(i iRepl ace the given cipnewebhaoh by denewmcpobpedt Bnlt a

Some Solved probl ems

Q-1Find the equation of3*t¥He>5FPared wha shed st tpracwd H
(5,—6),

Sal

The equation of amy—3vithelipsarall el to the line
3x—2y+41=0 (1)

The line passe@®—®hrough the point

ThwBK5—2x(—6)+A=0=1=-27
Put Er2fin (1)3*—We2geblwhi ch is the required equjat |

Q2Find the equation of the st(34@agttpeipendhat]| ai
| i e 2y+5=0

py
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Sal

The equation of ¥TRitreOpsrpendicul ar to
2x—3y+1=0 (1)

The |line passe®dthrough the point

Thudsk2—-3x4+A=0=1A=6.

Put tiEfaign ( 1)2Xx—Wer6glwhich is the required equatli

I ntersection of two | ines:
Let the equations of two |ines be
Li: x+ AB+ = © 2a r]z)d'l'A AN+ L=CO0

A

Sl ope oF and Sl%pe?g of L

_A1__Az Al_Bl
I f two | ine jdloe tpRem Bl @4, Bi . e. L
I f two |lines are not parallel to each other t
we get the point of intersection.
Or, xibyiz®2 = 0

Perpendicul ar distance:
(Length of perpenghyguloarvar fyBion@ aA Ppo) nt P( X

(@)

he

PMi s the | ength of pewxgpgntdocuher| inemABhwhpo

Ax+ yg C = 0

P AxiByicC | Plouy)
A B2

Ax+By+C=0
Not el f the |lines are on theA M B des of
The distance BettPrween the | ines =Fig 3

Di stance between two parallel l i nes
I f two |l ines are parallel, then they have the
the distance between two parall el l ines choos

l ength of the per permrchioonwleara mitnite omt hae rkalmien e,

y, and find the value of other variabl e.

Some Solved Probl ems

Q1Find the distance 3pe4ywl@ehanthe8ypd =l | el 1line
Sal

Put vFRighkx—4y+9=0  wex=gat

Ther f300ies, a poi n¥—®mt9hHe | ine

Now, the | engt h o f(—3t0htebX p & rpg%e0d isc wli are n fbryo m

6(—3)-8x0-15
62+( 8)2

|‘V10| 10un|ts

Q2Find the equati¥mdof>=lanea paral diest aomce fr
Sal
Equation of a¥y4I-dréi parallel to

3x—4y+1=0 (1)

p®

t h

e
i VT
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Put uierg AX—4y—5=0 wey=geét
Ther flo2d ,s a poidHt5=oh
Length of perpendiktwlor tithrEntVitrha®0 pios ngi ven by

|3( 1)—4(-2)+1 |5+A
V32+(-4)2 which is the distance between two
Given that, Di stahce between two | ines
541
Or|,T|:1
Or5+A=45
OrA=00 10
Putting thien vaquatsi codX (41500 BNe4ygdélt=0 which ar
equations of required I ines.

Cirpbdfeinition:

A circle is the |l ocus of a
is always constant. The fi
the radius of the circle.

i nt whi ch moves o0

p o
ed point is called

X

I n t he PEiYYi s3.t2h3e, mEvbnghpoPatst tdeamadi us.

t |

1. Standar(dEdqwatn on of a Circle with given cent
Let,Qbe the centre of the circle and radius of
LeA(x,Y)be any point on the circu t he
Then, P (x.v)

CP=r

By distance formul a,

J oDy oooyor
r, -+ -pF=r?

Fig 3

Which is the equati on@dfandc erragcdinmdsli € hh asi kg oaverpn

form of equation of a circle.

tar

Notlef: the centre of00tama aiardd lueh dins taitredoarhogvien ,st A n ¢

the circl¥+¥educes to

Some Particul ar Cases:

The standard equat i ofa &¥antdh eracdiirsicsl e with centf
(x—a)y+@y—-p?=r? (1)
y
Y "
Cla,p) M
r
B
0 a M X o - . =
Fig. 3 Fig 3. Fig 3
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(i )When the circle paskFsreosm tthhreo uFgihg t3h e 4o,r ilgni nri

angl e AOEM,angl e
2

0CZ=0M*+CcM? i 18 =a’+p?
Then egn (1) becomes,

(x—a)? +(y = p)? = a® + 2
orx’2+y2—2a'x—2ﬁy=0

(iiWhen the cixfakestouches
In the Fi®g=MHB.25, Here,
Hence, the egn (1) of the circle becomes,

x—a)’+ (@ —-pP*=p°
Orx*+y?—2ax—2By+a*=0
(i) When the <circjlaexi
I n the Here
Hence, the eqn (1) of the

¢ (a.B) r=q C(a0)

: (¢]
r=p X
o X

Fig 3. Fig 3.

(i When the circle touches both the axes

I n the Fi §37 27, Here,

Hence, (1he odgn he circle becomes,
x=rP+@-r?=r?

Orx,2+y2—2rx—2ry+r2=0

(vWhen the circle passes thrxwaxgihsthe origin an

He rae=,ra nfd="0

Hence, the eqn (1) of the circle becomes,
(x—1)2+(y = 0)2 =77
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orx*+y*—2rx=0

(viWhen the circle passes throeagihsthe origin and

He rae=,0a nfd=r

Hence, the egn (1) of the circle becomes,
(x—0)2+(y—r)2=r?

orx*+y*—2ry=0

Some Solved Probl ems
Q-1 Find equation of the circle which has centre
Sol
According to the standard fd®Mantdheadguationsof
(x-1) y=)=r2
'JEquation of the circle with centre at (2, 3) | ar
(x-29+ y{33%= ¢t 4)
Or, X+y’idxiey+ 13 =16
Orx?+y?i4xi6yi3 = 0

Q-2Find equation the circle which has centre afjt
Sol :

Gi vdhd)be t he eteerttriree ameldi abeof t he
The circle pasd&@$) through the point

| PC=r

Or,\/ ( 2130( B430r( By wusing distanc R (Za0)

Or 140r

Orr=5\/_

By using standard form of the ci - eé

Equation of the circl eVvSwisth centre %at C(1l,4) anco
19+ y4a9= [ L0z

Orx+y?’12xi8+ 1 + 16 =5

Or¥+y?’iT2xi8+ 12 = 0

Q-3Find equation of the circle whose centre is| a

Sol

The centre of the given circle is at (5, 5).

Since the circle touches both the axes,
O radr=6s
According to the standard for m,
‘JEquation of the circle with centre at C(5, 5|
r adr=ubs s

(x 53+ y(53= ¢5)
Or, X+y11Ri19+ 25 = 0
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Q-4 1 f the equation of¥~-tvVHéarmd e emndot ha ciadg lue
circle is b5, find the equation of the circle.
Sol

Let the di ameters of the circle be AB and LM, w h
x—y=5 (1) 2athu=4 (2)

Since, the point of intersection of any two dijlam

of two diamet-erdi watésndfthbecoentre.

Solving eqns. xEBandm™® (2), we get

Ther ef-omei,nxtoes oBdDaed creadires aire 5.

Hence, equation of required circle is
(x =32+ (y+2)?%=52

Orx*+y*—6x+4y+9+4=25

Orx*+y?—6x+4y—12=0

Q5 Find the equation of a circl eYvalxdsse ade nat rdei |slti

from the origin and whose radius is 4.
Sol
Gi ven, the centre ofYatxhe ¢ ot n posi
di stance 6 units from origi:/
The centre of the0®. ridrecd, . i nt
equation of the circle with c(0,6) 0, 6)
\. 6
Or ,(x— 02+ (y - 6)* = 42 T
or *¥*+y?—12y+36=16 x24+y2—-12y+20=0 o S
2. General form
Fig 3

Theorem: THetX qWat?fZhc=0a]l ways represents a ci

al-9Fand radFtE—r.s

Praoof

The gi venXgyuragbitdf +ics0

or @ +2g9x+ g+ +2fy+fH=g"+f"-c
2

orx+@?++N*={g*+f*—¢)

2
orfx =P +{y- NP =({g*+f?-¢)
Which is in thexsa’ad@ddyYear’orom (t hie. e.i r@Mandi t h
radius O6r 0.
Hence the x*+y*+29x+2fy given equiact=i0oepresents a
whose ( centre is

(-9.—f)ie. —% coeff. of x, —% coeff. ofy),

JaZ+ f? Jlfff2+1fff2 tant t
And r—a Ogl ufS—C— (—E coe .OX) (_E coe OJJ) = constant term

Not €haracteristics of the general form of equ
The characteri ssft¥s296t2fth=elodl af crimcl e ar e
i .1t is quadratic( x@afnlsecond degree) both in

toi

at i
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i iCoeffixi=€oefof¥ieniti ofl t is i XM, d eip.een.d etnht e roef
is no terX. coint.ai@amtgai ns t Wrfaedarbitrary con

NotEo :find the centre and rad¥deV’eddxthe circl e
2fy+c=0  whebe
Divide both sides of x%ohﬁ’ez(iea;el,euoicgretby coefficie
x+y+ Ix+2 y+——0

WhICh is i n the general form of the circle

(—loffofx —
Hence,ondienatoes o\f 2z PHe” %t e

—(-“g “3)=(a -

2
a/Qi__ coeff. ofx + (—% coeff. ofy) — constant term

L

a?  a? a

Exampli e
Let the equat2prdh250+30—t0yre+0 be

To find the centre and radius xoif. ee.he25aboavse ci I
2, ,2_30_ 10 —£=0
X“+ye— x 25y

6

Orx +y? —Ex——y———()
24 02_8,_2,_ 6 _

Orx,+y sX 75V 25_O

ort 5t o2 (D ea(-Dy ()=

which is the generaI(QOfl) (sosaamdrrcdcbi ws t h cent i

) -8 =

Exampl e

Consider the &Fdat®eixoX¥+8 circle
Orx,2+xy—6x=xy—y2+8y

Orx*+y*—6x—8y=0
Whi c h, is in the gener al form of circle.
’Cenzt( 4 f)=(—%coeff. of x, —%coeff.ofy)=(—% (—6),—%(—8))=(3,4)

and rzaw = \/(—% coeff. ofx)2 + (—% coeff, ofy)2 — constant term
=J(—§eﬁﬂ2+(—§@8ﬂz—o=J§IT€fﬁ=5

Exampl e
Let the equat eyi+ a4 yé h2 =i0cle be

Compare this given equation XwviXHh20chdygeneral e
c=0.

Hergx xZf vy y&and c 2
Sog= 2= 3 and ¢ = 2

st

nt
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Now, Ceng#¢ 2458 ) amhg@feici409811 v

Probt ems
Q-1: Determine whitoh-3st4y=andiry’cl6et8y=0i s greate

-

Q2Find the equation of ¢t Het¥ifxctibretl®@sharedtrdwci Mg t

radius 10 units.

Q3Find the equation of the circle whose centripe i

the oit¥rextdy—12=0
Q4Find the equation of thé?tdic2etlevoficBandic
having itsreaqeaureigual t o

Q5Find the equation of th&’ti+k8rel2¢o28clandi c
having its ciresoqmfeueince. equal to 6
Equation of a Circle satisfying certain given

Wi

Wi

The general eduta@dii2ent2ttczlicivallvees threedunknowr

fanatall ed the arbitrary constants. These thre
i nvolhviamgi These three equations can be obtain
We find tWeandldyuesolofing these three equation
equation of <circle, we get the required equat:.

e
ed
S,
o n

Q-LFind the equation of th&2c@BPah@paslses, thirmd g

centre and radius.

Sol
Let the equation of the circle be
x2+y%2+2gx+2fy+c=0 (1)
Since, the circle (1) passes through the poin
(1), we have,
0 0+4+0+4f+c=0,
Oor4f+c=-4 (2)
9+0+69g+0+c=0
orbg+c=-9 ( 3) and,
9+4++6g+4f+c=0
Oor6g +4f +c=-13 ( 4)
On solving equations (2), (3) and (4),
Eqns (2)+(3) 6g+4f+2c=-13 (5)
Eqns(4)5): c=0
Putting tihme (Va) uanadf(3), we get
4f=-4  or N
Or ,
Putting the vaanldure st nd gener al egn of <circle (1
Or , , is the equation of required cir

centre of the circl e
X o n_
and rgldius 7




